7.1 重积分

 7.1.3 柱坐标、球坐标系下三重积分的计算 
一、相关问题
1. 设由曲面
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围城的空间立体，体密度为
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解：
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若采用直角坐标系下计算，用“先一后二”法时，
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，计算较繁琐甚至无法计算；
若采用直角坐标系下计算，用“先二后一”法时，
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，计算较繁琐甚至无法计算；需考虑用其它简便方法
2. 设空间立体为
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，体密度为
[image: image7.wmf]222

222

xyz

e

xyz

---

++

，求其质量？
解：
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，
若采用直角坐标系下计算，用“先一后二”法时，
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，计算较繁琐甚至无法计算；
若采用直角坐标系下计算，用“先二后一”法时，
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，计算较繁琐甚至无法计算；需考虑用其它方法
二、相关知识

1. 柱面坐标系有何特点？球坐标系有何特点？
2. 写出在柱面坐标系的dV如何表示？为什么？
3. 写出在球坐标系中dV如何表示？为什么？
答：1. 柱面坐标系的特点： 设
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为点M在xoy面上投影点的极坐标，称这样的三个数
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叫做点M的柱面坐标。
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，柱面坐标系的三个坐标面分别为
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常数—圆柱面，
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轴的半平面，
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常数—平行于
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易知，点M的直角坐标与柱面坐标的关系为
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球坐标系特点：设
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为空间一点，点P为M在xoy面上投影，记：
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为点M到原点距离
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为有向线段
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与oz轴正向夹角
[image: image147.wmf]q


[image: image26.wmf]q

为
[image: image27.wmf]oP

与ox轴正向夹角。
则
[image: image28.wmf],,

rjq

三个数叫做点M的球面坐标。
规定
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球面坐标系的三个坐标面分别为
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常量，即以原点为心的球面，
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常量，即以原点为顶点，z轴为轴，半顶角为
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的圆锥面，
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且点M的直角坐标与球面的坐标间关系为
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2. 由过z轴的半平面族，平行于xoy面的平面族，以oz轴为中心轴的同轴圆柱面族组成的空间曲面网任意分割
[image: image35.wmf]W

域成n个小区域
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边界曲面附近外
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图形均形如图，体积可以近似地看成以
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为三棱的长方体，得体积元素
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，则三重积分在柱坐标系中的表示式为
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    其中
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为积分变量，体积元素
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为被积表达式。
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3. 以原点为球心的同心球面族，过z轴的半平面族及以原点为顶点oz轴为轴的圆锥面族所组成的曲面网任意分割
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    那么，三重积分在球系中的形式为
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称
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为积分变量，体积元素
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三、练习题
1. 设由曲面
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围城的空间立体，体密度为
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，采用柱坐标计算
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2．将三重积分
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化为柱坐标系下的三次积分，其中
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注：注意到三对积分限均为常数，因此在上述类似的圆柱形区域上积分时，一般可考虑采用柱面坐标。
3.设空间立体为
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，采用球坐标计算
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4. 设
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    若以
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5. 将球坐标系下积分
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化为三次积分。
(1)
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注：注意到以上两个积分的三对积分限均为常数，故如上的区域（球体、上球下锥体）上积分时，可以考虑采用球坐标。
四、思考题

1. 在柱系下化三重积分为三次积分思路，在柱坐标系下，化三重积分为三次积分其顺序为先z再r后
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答：在柱系下化三重积分为三次积分思路：

1°作
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2°找投影域（如Dxy），并用不等式组表示
[image: image124.wmf]W

域


[image: image125.wmf]W

域：
[image: image126.wmf]12

(,)(,)

zrzzr

qq

££

，
[image: image127.wmf]12

()()

rrr

qq

££

，
[image: image128.wmf]b

q

a

£

£


3°以
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    上述三重积分在柱系中的三次积分的形式对应于在直系中的先单后重法的定限，此时
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    对应于在直系中的先重后单法的定限，此时
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2. 用柱、球坐标系计算三重积分其
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在球系中积分的顺序以先
[image: image144.wmf]r

再
[image: image145.wmf]j

后
[image: image146.wmf]q

。
� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���














� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���





� EMBED Equation.DSMT4  ���








[image: image154.wmf]z

[image: image155.wmf]d

s

[image: image156.wmf]dv

[image: image157.wmf]dz

[image: image158.wmf]r

[image: image159.wmf]j

[image: image160.wmf]q

[image: image161.wmf]  

r

[image: image162.wmf](,,)

rjq

[image: image163.wmf](,,0)

r

q

[image: image164.wmf]z

[image: image165.wmf]r

[image: image166.wmf]q

[image: image167.wmf](,,)

Prz

q

[image: image168.wmf]222

xya

+=

[image: image169.wmf]2

[image: image170.wmf]1

[image: image171.wmf]y

[image: image172.wmf]z

[image: image173.wmf]x

[image: image174.wmf]23

r

=

[image: image175.wmf]4

p

j

=

[image: image176.wmf]1

rR

=

[image: image177.wmf]2

rR

=

[image: image178.wmf]x

[image: image179.wmf]y

[image: image180.wmf]z

[image: image181.wmf](,,)

Prz

q

[image: image182.wmf]d

q

[image: image183.wmf]j

[image: image184.wmf]d

j

[image: image185.wmf]q

[image: image186.wmf]d

q

[image: image187.wmf]dr

[image: image188.wmf]z

[image: image189.wmf]d

s

[image: image190.wmf]dv

[image: image191.wmf]dz

[image: image192.wmf]r

[image: image193.wmf]d

r

[image: image194.wmf]q

[image: image195.wmf]j

[image: image196.wmf]  

r

[image: image197.wmf](,,)

rjq

[image: image198.wmf]q

[image: image199.wmf](,,0)

r

q

[image: image200.wmf]y

[image: image201.wmf]x

[image: image202.wmf]2

[image: image203.wmf]1

[image: image204.wmf]222

xya

+=

[image: image205.emf]z

o

x

y

4

4



z

o

x

y

4

4



[image: image206.wmf]1

rR

=

[image: image207.wmf]2

rR

=

[image: image208.wmf]23

r

=

_1122546445.unknown

_1122548378.unknown

_1459321805.unknown

_1459321862.unknown

_1459323423.unknown

_1459323462.unknown

_1459323484.unknown

_1459323451.unknown

_1459322452.unknown

_1459323387.unknown

_1459323394.unknown

_1459322999.unknown

_1459322061.unknown

_1459321816.unknown

_1122548521.unknown

_1432300677.unknown

_1459321111.unknown

_1459321208.unknown

_1432315427.unknown

_1432316543.unknown

_1432315382.unknown

_1122548579.unknown

_1122548605.unknown

_1122548556.unknown

_1122548422.unknown

_1122548505.unknown

_1122548393.unknown

_1122547591.unknown

_1122548273.unknown

_1122548344.unknown

_1122548316.unknown

_1122548300.unknown

_1122547874.unknown

_1122547884.unknown

_1122548242.unknown

_1122547819.unknown

_1122547480.unknown

_1122547533.unknown

_1122547584.unknown

_1122547494.unknown

_1122546872.unknown

_1122546975.unknown

_1122547061.unknown

_1122546963.unknown

_1122546927.unknown

_1122546798.unknown

_1122546851.unknown

_1122546784.unknown

_1120978933.unknown

_1120980664.unknown

_1120983678.unknown

_1120996898.unknown

_1120996923.unknown

_1120997600.unknown

_1122544754.unknown

_1120997518.unknown

_1120996912.unknown

_1120996868.unknown

_1120983389.unknown

_1120983418.unknown

_1120981009.unknown

_1120983236.unknown

_1120981073.unknown

_1120980762.unknown

_1120979085.unknown

_1120979346.unknown

_1120980457.unknown

_1120980486.unknown

_1120980464.unknown

_1120979773.unknown

_1120980409.unknown

_1120979477.unknown

_1120979510.unknown

_1120979459.unknown

_1120979215.unknown

_1120979303.unknown

_1120979117.unknown

_1120979184.unknown

_1120979057.unknown

_1120979071.unknown

_1120979029.unknown

_1107856158.unknown

_1107932511.unknown

_1107933602.unknown

_1120978664.unknown

_1120978760.unknown

_1107933907.unknown

_1120917010.unknown

_1120978634.unknown

_1120917033.unknown

_1107933991.unknown

_1120916937.unknown

_1107933694.unknown

_1107933892.unknown

_1107933627.unknown

_1107933043.unknown

_1107933504.unknown

_1107933582.unknown

_1107933045.unknown

_1107933503.unknown

_1107933046.unknown

_1107933044.unknown

_1107932614.unknown

_1107933042.unknown

_1107932575.unknown

_1107885316.unknown

_1107886241.unknown

_1107932427.unknown

_1107886239.unknown

_1107886240.unknown

_1107886238.unknown

_1107856947.unknown

_1107884890.unknown

_1107884891.unknown

_1107856950.unknown

_1107856951.unknown

_1107856949.unknown

_1107856948.unknown

_1107856443.unknown

_1107856565.unknown

_1107856946.unknown

_1107856539.unknown

_1107856318.unknown

_1107856375.unknown

_1107856297.unknown

_1107856300.unknown

_1107856237.unknown

_1107854918.unknown

_1107855834.unknown

_1107856150.unknown

_1107856069.unknown

_1107855677.unknown

_1107855679.unknown

_1107855680.unknown

_1107855681.unknown

_1107855678.unknown

_1107855675.unknown

_1107855676.unknown

_1107854937.unknown

_1107854077.unknown

_1107854874.unknown

_1107854890.unknown

_1107854833.unknown

_1107854075.unknown

_1107854076.unknown

_1107854073.unknown

_1107854074.unknown

_1107853839.unknown

