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Abstract

The method of this paper is my original creation. A new method
for solving linear differential equations is proposed in this paper. The
important conclusion of this paper is that arbitrary order linear ordinary
differential equations with variable coeflicients can be solved by the
method of recursion and reduction of order under very loose conditions.
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1 Introduction

The method proposed in this paper is different from the traditional known
methods. It is my original creation.

This paper is based on the new mathematical expansion of a given function
that I proposed in [I] (Daiyuan Zhang, 2014). The new mathematical expan-
sion is composed of the derivatives of the given function. Because of this, the
new mathematical expansion proposed in [I] (Daiyuan Zhang, 2014) can be
used to solve differential equations.

In this paper, linear ordinary differential equations with high order variable
coefficients are discussed, and its conclusion is of course applicable to linear
ordinary differential equations with constant coefficients. In the case of no
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confusion, they are all called linear ordinary differential equations. Using the
formula in the literature [I] (Daiyuan Zhang, 2014), the linear ordinary dif-
ferential equation can be solved by reducing the order. In particular, under
fairly loose conditions, a given linear ordinary differential equation with order
k (k is a positive integer) can be transformed into a linear ordinary differential
equation with order £ — 1. By using the recursive method, the (£ — 1)th order
linear ordinary differential equation can be reduced to the (k — 2)th order lin-
ear ordinary differential equation. Therefore, we can get the first order linear
ordinary differential equation and Oth order linear ordinary differential equa-
tion, so that we can get the solution to the linear ordinary differential equation
directly.

In order not to make space too long, I only give some conclusions and
examples in this paper, The theoretical proof will be given in my follow-up
papers.

2 General method for solving high order linear ordinary
differential equations

This section discusses the general method for solving high order linear ordi-
nary differential equations. The method can be applied to linear ordinary
differential equations with variable coefficients, and can also be applied to
linear ordinary differential equations with constant coefficients.

Any kth(k = 1,2,---) order linear differential equation can be written in
the following general form:

(k) (k—1)

Y = pry + ooy 4 DY F DrkY T Drer) (2.1)

where pr1, Pre, -+, Pr(k+1) are all known functions of z.

The problem now is to seek the solution of variable coefficient linear differ-
ential equation (2.I) under the initial condition of function value type = = xy,
y=y(z), r =29,y =y(x2), -+, x = x, y = y(xy), that is, to solve the
following variable coefficient linear differential equation:

( Y™ = pray* Y 4 proy® 4t Prek—1)Y + PrrY + Dret1)
r=ux, y=1y(x1)
T=22, Y=Yy (%) (2-2)

For the kth order linear differential equation (2Z1]), we can get the reduced
(k — 1)th order linear differential equation after careful deduction:
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( y(kfl) = Pk-1)1Y

T = T1, y:y(ﬂfl)

T = T2, y:y(@)

(k=2) + p(k_l)zy(k*‘” + -+ p(k—1)(k—2)y/ + Pk-1)(k-1)Y T Pk—1)k

(T = Tk-1, Y=Y (Tr-1)

(2.3)
The initial condition = = z, y = y (z)) has been included in the equation
(23)), where
( » Q-2
-1 =~
= Qr-1)1
» Q-3
by = — a2
(k=02 Q-1
Q-1 (2.4)
Pk-D)(k—2) = ——(H~
Qr-1)1
» Qe
k—1)(k—1) = —
ey Qk-1)1
» ~ Qu-nk+)
=Dk = — o~
\ ( : Q(k*l)l
where Q,—1)1 # 0.
- n(—a)" g1 (x — a)kfl
Q- = > (F1)"——pm + (-1, (2.5)
n=k
©© n k—2
n\T —a 2T —a
Q-2 = Y _ (-1) ( , ) Pz + (—1)" 2<(k _)2), (2.6)
n=k

n

Que-vye—1) = Y (_1)nMpn(k—l) + (—1)1u (2.7)

= n(x_a)n O(x—a)o
Q(k—l)k = Z (—1) Tpnk + (—1) T (2.8)
n=k ’ :
Que-1(kin) = Y (—D"%pn(m) —y(a) (2.9)

n=k
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( Pn1 = p/(n_m + P(n—1)1Pk1 + P(n—1)2
Pr2 = Pl(n71)2 + P(n—1)1Pk2 T P(n—1)3

, (2.10)
Pn(k—1) = P (n-1)(k—1) T P(n—1)1Pk(k—1) T P(n—-1)k
Dnk = p/(n—l)k; + D(n-1)1Pkk
 Pn(k+1) = p'(nq)(kﬂ) + Pn—-1)1Pk(k+1)
where n = k+ 1, k+ 2, ---. For kth order linear differential equations, pg1,

Pk2s ***» Pr(k+1) are all known quantities.

With the same method, the(k — 1)th order linear differential equation (2.3)
can be reduced to the (k — 2)th order linear differential equation in the follow-
ing:

( _
y "2 = po oy

r=ux, y=1y(x1)
T =129, y=1y(x)

(k=3) 4 p(k72)2y(k—4) + -+ P2y k—3)Y + D—2)(k—2)Y + Pk—2)(k—1)

(T = Tk-2, Y=Y (Tp—2)
(2.11)
The initial conditions x = zy, y = y (z1), ¢ = Tk, Yy =y (1), T = Tp_1, Yy =
y (xx_1) have been included in the equation (Z.I1]), where

p

_ Que—2p2
Ple-2p = Qr-2)1
_ _Q(k72)3
P—2)2 = 7@(1&—2)1

Q (k-2)(k—2) (2.12)
Plh—2)(k—3) = —— A
Qk-2)1
Do) = Q (k—2)(k—1)
—9)(k—=2) = —
(k=22 Qr-2)1
Qk—2)k

P—2)(k—1) = Q(k—Q)l

\

where Q—2)1 # 0, and

Qu-an = <_1)HW% + (—1)'“2<
n=k—1 :
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- n (T —Tp 1) k3 (T — xkfl)k_g
Qu-22= Y (-1) = pay + (—1) T (2.14)
n=k—1 !
Qu2)k-2 = ) <_1)n%pn(l¢—2)+(—l)lw (2.15)
n=k—1 : :

o0 o n . 0
Qk—2)(k—1) = E (—1)717(3j 1) Pn(k—1) T (—l)om (2.16)
—k

Qua-2)k = Z (‘UHM%/& =y (z-1) (2.17)

Prn1 = p/(nfl)l + P(n-1)1P(k—1)1 + P(n—1)2

Pn2 = p/(n_l)g + P(n—1)1P(k-1)2 + P(n—-1)3

, (2.18)
Pn(k—2) = P (n-1)(k—2) T P(n—1)1P(k—1)(k—2) + P(n—1)(k—1)
Pn(k—1) = P'(nfl)(k,l) + Ptn—1)1P(k—1)(k—1)

\ Pnk = p/(n—l)k + P(n—1)1P(k—1)k

where n = k, k+ 1, ---. For (k — 1)th order linear differential equations,
P(k—1)1, P(k—1)2> ***, Pk—1)k are all known quantities, which is calculated by
formula (2.4]).

After a series of reduction of order in this way, we can get a first order linear
ordinary differential equation. As the first order linear differential equation
obtained, the solution to equation (2.1]) can be found by doing a order reduction
once more.

The above is the core of this paper, they are based on the following theorem.

Theorem 2.1. Suppose that on a closed interval I, x1 € I, x5 € I, ---,

x €1, and w1, 33, - -, x) are different from one another, py1, pr2, =+, Pr(k+1)

are functions of x, assume that the solution y = y () of equation (22) and

Dk Pr2, =5 Di(k+1) have derivatives of arbitrary order on the interval I, and
lim [ (2 — £y (8) dt = 0 (2.19)
n—oo n! ! '

where 1 = 1,2,--- k. Then the order k of linear ordinary differential

equation (22)) can be reduced by ([24)-210), and becomes the linear ordinary
differential equation (2Z3)) with the order of k — 1.
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I will give a proof of theorem(2.1]) in one of my subsequent papers.

Theorem(Z.I) points out that any kth order linear ordinary differential
equation (2.2) satisfying the conditions of (2.I]) can be solved by reduction of
order using recursive method.

3 Second order linear ordinary differential equations

Since the second order linear ordinary differential equations are widely applied
in physics and engineering technology, the following focuses on the second
order linear ordinary differential equations.

In many documents, the second order linear ordinary differential equations
are discussed in detail, such as [2] (Mircea V. Soare, Petre P. Teodorescu and
Ileana Toma, 2007) [3](Shair Ahmad, Antonio Ambrosetti, 2014), [4] (Mircea
V. Soare, Petre P. Teodorescu and Ileana, 2010), etc. However, the method
proposed in this paper is original and novel, which is totally different from the
known methods.

First, consider the following second order linear ordinary differential equa-
tion:

Y = pay + P2y + pos
r=a, y=uyla) (3.1)
r=0b y=y(b)

where a # b.
In the recursive formula (2Z.I0)), let & = 2, we have

Pn1 = p/(n_1)1 + Pn—1)1P21 + P(n—1)2
Pn2 = pl(n—l)Z + P(n—1)1P22 (3.2)
Pn3 = pl(nq)g + Pn-1)1P23

In order to specify the method proposed in this paper, we get a few expres-
sions based on recurrence formula (3.2)) in the following:

P31 = P/21 +p§1 + D22 (3-3)
P32 = Py + P22 (3.4)

P33 = Plog + P21pas (3.5)
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Pa1 = P31 + P3P + P32
= (p/m + p3y + p22)/ + (p/21 + p3 + p22) P21+ Doy + P21b22
= "1 + 2pnp'or + Do + pu'or + Doy + D2P22 + oo + P21D2s
= p"91 + 3p21p’ar + 205 + pg1 + 2pa1p22

Paz = P'32 + P31p22
= (Pyg + p21p22) + (P'21 + P31 + P22) P2
= Pon + 'aD22 + p2'on + P o1D22 + P22 + Do
= P99 + 2051022 + D' goP21 + D31P22 + D3y

Pas = Pz3 + D31p23
= (plos + P2ip2s) + (p/21 + 3 + p22) D23
= "3 + P'o1p2s + p21pas + P'o1p2s + P1p23 + Pa2pas
= 93 4 2051023 + D'ogP21 + P31 P23 + Paapos

Let k = 2, from (2.5)—(2.9), we have

QU:Z :C_a) ~—— P — (. —a)

@ ;!a) D21 — 7(:[ ;!a) D31 + 7@ ;!a)
G-0’ (@-a

Ty P T (p o1+ D3 +p22)

:—<SL’—CL)+ P41 —

=—(x—a)+

(x - a)’

T T (991 + 3p2ap'ar + 2099 + P31 + 2p21p22) — - -

> T —a
Q2 = z; (=1)" %pnz +1
(z — a)® (z —a)’ (z —a)*
ol D22 — 30 P32 + 1

ICEUSNCET

(¢ —a)*

+ T (p 29 + 20/ 91P22 + D'a9P21 + D122 + p22)

-1+

(P99 + P21D22)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)



8 Daiyuan Zhang

Qu=3 (")
n=2 :
. 2 . 3 . 4
:—y(a)+%pzs—%psg+%p43—“' (3.11)
_ 2 . 3
=—y(a) + %st - % (P25 + P21p23)

(z —a) (

AT

P33 + 2D 51023 + Pl agpor + Py D2z + p22p23) -

Therefore, the second order linear ordinary differential equation can be
reduced to the first order linear ordinary differential equation in the following:

I
Y =pny + pi2 (3.12)
x="0b, y=y(b)
where 0

12
= ——= 3.13
P11 Q11 ( )

Q3
=== 3.14
P12 O ( )

For the first order linear ordinary differential equations obtained in (312),
we can find the solution to equation (3.1]) by doing another order reduction in
the following;:

y = —% (3.15)

where (see (2.35)—(2.9))
Q=) (—U"%m +1 (3.16)
Q=) (—U"%pm —y(a) (3.17)

In recursive formula (2.I0), let &£ = 1, we get the following results:

o
{ Pn1 = P (n-1)1 T P(n-1)1P11 n=23-- (3.18)

Pn2 = D' (n_1)2 T P(n-1)1P12

Using recursive formula (BI8]), we get the following items:
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P21 = p/11 + p%

Qn Qn (3.19)
CQ'Q1 — Qp,Q1 + Q)
= 2
11

P22 = P19 + P1ibi2

_ <—Q13),+ <_Q12) (_le)
Qu Qu Qu (3.20)
L Q1Qu3 — Q13011 + Q12013
2

11

P31 = P'o1 + Parbui
!
= (p/u ‘i‘pi) + (p/n +p?1) P11
=p"11 + 3P 1pn + 0l

B _@ " _@ / _@ _@ 3
_< Qll) +3< Qll) < Q11)+< Qll)

_ (Q'u@u ~@uQu ) L (Q'n@m ~@uQu ) <_le) . <_@)3

11 11 Qu Qn
Q"11Q12Q11 — Q"1,Q% — 2(Q'11)’ Qe
- 3
11
_'_ QQ,HQ/HQH - 3QI11Q%2 + 3QI12Q11Q12 - Q?2
3
11

(3.21)

P32 = P'oy + Pa1D12
o (Qlqus — Q' 13Qu + Q12Q13)/ " Q'11Q12 — Q'1,Q1 + Q3 <_ Q13)
= 2

11 %1 Qll
Q"1 QuQh3 — Q" 150% +2Q'1,Q11Q13 + Q15011 Q12
a i
4 —2(Q'11)* Q13 + 2@'11@'13@;1 —3Q'1,Q12Q13 — Q7,Q13
11

(3.22)
By substituting (3.19)-(322) into formulas (3.I6) and (B.I7T), we have
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o0

o (x—a)"
QOlZZ(_l) %pn1+1
n=1 ’
2 3 4
r—a T—a T—a
( ol )p21—< 3] )p31+< I )p41—~-~

Q12 " (x — a)2 <Q/11Q12 — Q1,01 + Q%2)

Qll 2! %1

@wmm@uﬁwwﬁ%+
(37 - a)g :151 +
3! 2Q'1,Q'1,Q11 — 3Q'1,Q%, + 3Q'1,011Q12 — QF,

3
11

=1—(z—a)pn+

=14 (z—a)

(3.23)

[e.9]

Q=3 "y

n=1

(¢ —a)° (z —a)’

=—y(a) — (z —a)pz + 9] D22 — 30 P32+ - -
Q13 " (x — CL)2 (anle —Q'13Qu + Q12Q13)
2
Qll 2! 11
Q1,011 Q13 — Q" 1307, +2Q'1,Q11Q13 + Q13011 Q12
_ (z — a)3 i

3! —2(@’11)26213 +2Q'11Q'15Q11 — 3Q'1,Q12Q13 — Q1,Q13
3

=—y(a)+ (z—a)

+

B (3.24)

Then we obtain the solution to the second order linear ordinary differential
equation (B.1]) in the following:

Y= Qo (3.25)

Qo1
where Qg1 and Qg are calculated by formulas (3.23)) and (3.24)) respectively,
while Q11, Q12 and Q3 are calculated by formulas (3.9), (310) and (B.I1])

respectively.

It can be seen that (Qp; and QQp2 are functions of ()11, @12 and (13, while
(11, Q12 and ()3 are functions of x, pa1, pee and pog. Therefore, the solution
to the second order linear ordinary differential equation (8.1]) is the function

of x, pa1, a2 and pog, i.e.

y = f(z,p21, P22, p23) (3.26)
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An important feature of the method proposed in this paper is to get the
solution for a given equation by a series of recursion calculations from the
known quantity of pa1, pae and pog (the given coefficients of the linear ordinary
differential equation). These calculations that include po1, peo and po3 are the
add, subtract, multiply and divide and differential calculations, but does not
include the integral operation.

Now, a special case is considered below, which is the following second order
linear ordinary differential equation with two initial conditions.

Y = pay
z=a, y=y(a) (3.27)
x=0, y=y(b)

where pa; = pa3 = 0, according to recursive formula ([B.2]), we have

Pn1 = p/(n71)1 + Pn-1)1P21 + P(n-1)2 = p/(n71)1 + P(n-1)2
Pn2 = p/(n_1)2 + P(n—1)1P22 , =34,
Pn3 =D (n-1)3 T P(n-1)1P23 = P (n—-1)3

(3.28)
Therefore,
P23 =p33=pag=---=0 (3.29)
P31 =D'o1 + P22 =P (3.30)
/ /
D32 = P oy T D21P22 = D 99 (3.31)
ba = p/31 + P32 = 2]7/22 (3-32)
P12 = D'3y + P3ip22 = P’y + Dy (3.33)
P51 = p/41 + P4 = (2p,22)l + P”22 + P%Q = 320”22 + P%Q (3-34)
Ps2 = Do + Daipa2 = (P90 + p22p22), + (2p'92) P22 (3.35)
= Pm22 + 4p/22p22
!

Pe1 = p/51 + P52 = (310”22 +P§2) + 9" 99 + 4P 99020 (3.36)

1" :

=4pToy + 627/222722
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Pe2 = p/52 + Ds1P22 = (Pm22 + 417/22]922), + (319”22 + ng) P22

(3.37)
= pg;) + 7p"22p22 + 4(p'22)2 + P%Q
Let k = 2, by substituting into (2.5)—(2.9), we have
. n(x - a’)n
Qu =3 (1 e -
2 3 4
r—a r—a r—a
:_(‘W—a)+%p21—< 3!)p31+( 4!)]?41
5 6
r—a r—a
_ %pm n %pﬁl . (3.38)
(z —a)? (z —a)® 2z —a)*
=—(z—a)+ T P g P2 + Tplm
(:L’ _ a)5 1 2 (x - CL)G i /
- 5 (3p 22 Jr2922) + 6! (417 99 + 6p 22P22) -
o . n(x _ a’)n
Q12 = nz:; (1) o P2t 1
2 3 4
r—a r—a r—a
=1+< o )p22 ( 3] )p32+< 1 >p42
(x —a)’ z—a)’
+ 5l D52 + G Pe2
(z —a)’ (z —a)’ (z —a)*
=1+ Top P2 Tpln T (P"22 + P3)
(:L’ - a)5 1 / (x - CL)G (4) " /7 \2 3
+ T (P" 90 + 4P 99p20) + 6l <P22 + Tp" 59020 + 4(p'5s) +1722> -
(3.39)
Q3 = i (_1)"Mpn3 —y(a)
= nl (3.40)

= —y(a)
Therefore, the second order linear ordinary differential equation is reduced
to the first order linear ordinary differential equation in the following:

/
= +
{y b1y — P12 (3.4”

r=0by=y(b)
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where,

Qe
P =—H~—

Qll

B CEnt) S Ut SR ot

D22 — 3] P32 + 1

6
r—a 2
s (0" + 4P p2) + (z—a) ol ) (ng + Tp" g9p22 + 4(P'99)” + P%Q) -

P42

(z —a)? (z—a)’ 2(x —a)"
—(x—a)+ 9] P21 — 3] P22 + 1 D oo
(z —a)°

6!

(410”/22 + 6p'22p22) -
(3.42)

e (329”22 +P§2) +

Qu
y (a)

—a)? —a)? —a) 3.43
(x 2!(1) Dot — (x 3!a) poa + 2(:104! a) o ( )
(z—a)® (z—a)°
5! 6!

Using the formulas (338), (339) and (3.40), the above formulas (B.42)

and (B.43) are substitued into the recursive formula (3.I8]), then, the following
items can be obtained according to the formulas (B.19)—(3.22).

—(r—a)+

(329”22 + P%Q) + (417”/22 + 6p/22p22) -

po1 =Dy + Pl
_ Q'11Q12 — Q' 15Q11 + Q%z (3.44)
= 2
11

P22 =D 19 + Prib12
_ Q'1Q13 — Q13011 + Q123
2

2 (3.45)
_ Q'11Q13 + Q12Q13
i
P31 = Por + Paabu1
CQ1QuQn — Q1@ — 2(Q1) Qe
o ?1 (3.46)
I 2Q'1,Q' 15011 — 3Q'1,Q%, + 3Q'1,Q11Q12 — Q1

3
11
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P32 = Doy + Da1Dr2
Q"11Q1Q1s — Q" 1307 +2Q'1,Q11 Q13 + Q'13Q11Q12
3

11
n —2<Ql11)2Q13 +20Q'1,Q'15Q11 — 3Q'11Q12Q13 — Q%QQL?
3
11
_ Q"11Q11Q13 + 2Q'1,Q11Q13 — 2(Q'11)? Q13 — 3Q'11Q12Q13 — Q3 Q13
3
11

(3.47)
Among them, Q1, Q12 and Q3 are calculated by formulas (3.38)), (3.39)

and (340) respectively.
From formulas (3.16]) and ([B3.17), we have

Qo1 = Z (—1)n<3j ;!b) P+ 1

n=1
2 3
=1—(z—b)pu+ ( 2!b) P21 — (@ 3!6) P31+
(e @ @V (@'n@m ~QuQu + @%2)
Qll 2! 11
Q1010 — Q",Q% — 2(Q)°Qrz |
_ (z — b)3 i T
3 2Q'1,Q' 1,011 — 3Q'1,Q%, + 3Q1,Q11 Q12 — QY
3
! (3.48)
= n(z=0)"
Qo2 = Z (1) P2 =Y (b)
n=1
2 13
=—y () = (r —b)pra + (z 2!6) D22 — C 3!b) P32+ -
=~y () + (x—b) g”’ i ;,Q)Q (Q,”Ql?’ > Q”Q”’)
11 11
(- by’ (Q"11Q11Q13 +2Q Q1 Q1 — 2(Q'11) Q13 — 3Q'11Q12Q13 — Q% Q13 L
3! 3
(3.49)

So we get the solution of linear ordinary differential equation ([B.27) in the
following:



General Methods For Solving Ordinary Differential Equations 1 15

— (3.50)

Qo1
Qo1 and Qg are calculated by formulas (3:48]) and ([3.49) respectively, while

Q11, Q12 and Q13 are calculated by formulas ([B:38)), (3:39) and (340) respec-
tively.

4 Examples

Two calculation examples are given in this section. Example 4.1 is a simple
one for sovling second order linear ordinary differential equation with constant
coefficients of known solutions. This simple example is chosen to verify the
correctness of the method proposed in this paper.

Example 4.2 is to solve second order linear ordinary differential equation
with variable coefficients. The process and steps of the solution are the same
as that of Example 4.1.

Example 4.1. Solving the following equation.

=Yy
r=a, y=y(a) (4.1)
Solutionn: Obuviously, we have
pa1 =0
P22 =1 (4.2)
p2s =0
Using formulas (3:29)-B40), we get
P31 =pa2 =1 (4.3)
P32 =12 =0 (4.4)
p33 =0 (4.5)
P =2p' =0 (4.6)

pio =p"99 +Poy =1 (4.7)
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4 2
Pe2 = ng) + 7p"22p22 + 4(29,22) + P§2 =1

Qu =

D43

=0

P51 = 3p”22 +1732 =1

Ps2 = pm22 + 417/221022 =0

D53

Pe1 = 4p" 30 + 6P/ 9920 =0

P63

=0

=0

Daiyuan Zhang

(4.15)

(4.16)

(4.17)
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After order reduction, we get the first order linear ordinary differential
equation in the following:

Y = puy -+ pi2
{x:b’ =y (0 (4.18)
where,
 Qu(z) cosh(z—a)
P11 = “On(m) smhr—a) coth (z — a) (4.19)
_ _le (x) _ y(a)
b= Q11 () sinh (z — a) (4.20)
Qo1 = Z (—1)n(x ;!b)npm +1
=1—(z—=0)p11 + :c;!b) P21 —%p31+ (x;!b) Par— -
=1—(x—0b)coth(x —a)+ (z ;!b) _ = ;!b) coth (x — a) + (@ ;!b) -
=1+ <x;!b) + <x;!b) + -+~ —coth (z — a) ((az—b)+ (x;!b> +>
= cosh (z — b) — coth (z — a) sinh (z — b)
(4.21)
Q=3 (- = )
=-y((b)—(z-b)p+ (= ;!b) P22 — (@ ;!b) D32 + -
_ y (a) (x —b)° y (a)
=y )= (z=)) (_sinh(x—a))_ 3! <_sinh(x—a))+”.
)+ ((az—b)Jr AL Ak +>

= —y(b) + % sinh (z — b)
(4.22)

Therefore,
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Qo2 -y (b) + sing((z)—a) sinh (z — b)
Qo cosh(z —b) — coth (z — a)sinh (x — b)
oy ) (et e ) +y(a) (e — e ) (4.23)
o eb—a _ o—(b—a)

y@e’—y®e . ybe —yla)e _,
eafb _ ebfa e+ eafb _ ebfa €

If using traditional method, the general solution is as follows:

y(z) =Chre® + Cre™® (4.24)
Substituting the initial conditions © = a, y = y(a) and x = b, y = y (b)

into (A.24]), we get

y(a)e ™ —y(b)e oY (b) e —y(a)e o7 (4.25)

ea—b _ eb—a

Y (l‘) - ea—b _ eb—a

The above formula is the same as ([L23), that is, the same solution is
obtained by the traditional method, which shows the correctness of the method
proposed in this paper.

Although this method is more complex than the traditional method for sim-
ple problems, this method is a general method, and the procedure of solving
process has consistency, not only for linear ordinary differential equations with
constant coefficients, but also for linear ordinary differential equations with
variable coefficients.

This example illustrates the method proposed in this paper in detail. It can
be seen that this method only needs algebraic computation (addition, subtrac-
tion, multiplication and division) and derivative calculation, and does not need
to solve the characteristic equation, and does not need integral calculation.

Example 4.2. Solving the solution of the following differential equation
with variable coefficients.

y'— a2y =0
r=a, y=1ya) (4.26)
z=>b, y=y(b)
Solution: Since
p2a1 =0
P2 =X (4.27)
P23 =0

From (3.29)-B31), we have
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P31 =pPo1 TP =pu=1 (4.28)
P2 =pp =1 (4.29)

P33 =10 (4.30)

a1 = 2p'50 = 2 (4.31)

paz = oy + P3y = 2 (4.32)
paz =0 (4.33)

P51 = 3p" 5 +p§2 =2 (4.34)
Ps2 = P50 + 4P 0P = 4 (4.35)
ps3 =0 (4.36)

Pe1 = 4p" 55 + 6p'5op20 = 67 (4.37)
Doz = g + 70902 + 4(050)° + ply = 2 + 4 (4.38)
pe3 =0 (4.39)

From formulas [B.9)—B.11), we can write the first siz items in the following:

Q=Y e
SIS0 0 (0 (140

2(x—a)°  6x(xr—a)°
T T



20 Daiyuan Zhang

_ > n(z—a)"
Q12 = ; (1) o Pt 1
L ie—a @-a)  Pe-a) (4.41)
N 2! 3! 41
4r(z —a)®  (2*+4)(z—a)°
D 6!
N n(@—a) _
Qu=3_ (1" () =y @ (1.42)
After descending order, we have
I
Y = pny + pi2 (4.43)
x="0b y=y(b)
where,
» Q12
11=———
Qn
z(z—a)? z—a)d 22(x—a)* z—a)® a3+4 (5’3*0)6
__1+(2!)—(3!)+ (4!)_4(5!) ( ()3l
o 2(x—a)® z—a)* 22(z—a)® z—a)®
—(z—a) (3')+2(4!)_ (5')+6(6')+
(4.44)
Dia — Q13
12 =——=—"
Qu
B y (a) (4.45)
- —a 3 r—a 4 relr—a T\ Tr—a
—(z—a) x(ﬂﬁg!) 4 XA 4!) _ 2(5! )" 4 6 (6! I
Qo1 —Z(—l) , Dn1 +1
n=1 (446)
z—b)? z —b)? z—b)*
=1—(z—b)pn+ ol P21 — 3] P31+ m Pa1 —
> o (x—D)"
Q=3 (- = )
n=1 (4.47)
z —b)’ z —b)®
=—y () —(r—=0b)p2 + 9] P22 — 30 P32 +
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So the solution to equation (A.26)) is solved in the following:

i (—1)" =D o~y (b)

- 1
Qoo S~ (el 4y

(4.48)

Where pn1 and pno are obtained by recursive formula (B.I8).

5 Conclusions

The method proposed in this paper is a general method, and the process steps
are consistent. The core process is recursion and reduction of order. It can not
only solve the linear ordinary differential equations with constant coefficient,
but also solve the variable coefficient ordinary differential equations.

In this paper, we only need algebraic computation (addition , subtraction,
multiplication and division) and derivative calculation, which do not need to
solve the characteristic equation and do not need integral calculation.

In this paper, the initial conditions are automatically satisfied.

The correctness of the method is verified by a simple example.
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