N

w

oy

n

ELEMENTARY FORMS

. /adx:ax

. /a-_/'(x)dx: a/f(x)dx

- fowar= | “’T(f)dy,

. /(u+v)dx:/udx+/vdx,

INTEGRALS

dy

where ) = i

. /udv:u/dvffvdu:uvffvdu

except n = —1

(df (x) = f'(x) dx)

(df (x) = f'(x) dx)

6. /u% dx:uv—/v%dx
; _ xn+l

7. /x u’x—n+ T
S(x)dx o

8. e =log f(x),

9. /d—::logx
f'(x) dx .

1 = X),
2 Vf(x)

11. /e‘*dx:ex

16.

17.

18.

. / e dx = e /a

. / b dx

. /logxdx:xlogx—x

_ b(b\'
alogh’

(b > 0)

. /a’“ logadx = a*, (a>0)
/ dx _ ltan’l X
a@+x2 a a
1
—tanh™! i
a a
dx
T a= or
1 X
ZIOgZi—;’ (@ > x%)
1 )
——coth™! i
dx a a
o2 or
! o s x? > %)
2a gx+a’ .
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where u and v are any functions of x



INTEGRALS (Continued)

20 =log(x+ vx2+a?)

/ dx
TSV ER

/ dx 1 X
. ———==—sec' =
xvx2—a* ldl a

1 (a+Va3:tx2>

21

22 ——log
X

/ dx _
S xJaEx a

FORMS CONTAINING (a + bx)
a+ bx
X

For forms containing a + bx, but not listed in the table, the substitution u =
may prove helpful.

. _(a-i—bx)"+1
23. /(a+bx) dx_m, (n#-1)
24 /x(a—i—bY)” A= b —— @by, (gt —1,—2)
) T TR +-2) ’ br(n+1) ’ ’

1 [(a+ bx)™*? (a+ bx)™? (a + bx)"™!
2 noge — 2
25. /‘V\(a—kbx) dx_b3[ 13 2a 2 a o

m+1

X (a+bx)" an . 1
X" bx)"" d
m+n+1 m+n+1/x (@+5x) *
or

1
an+1)

26. /x”’(a+bx)" dx = |:_xm+1(a+bx)n+l +(m+n+2)/xiﬂ(a+bx)rx+l d’C]

or

1
bm+n+1)

|:x'”(a +bx)"™! — ma / X" Na + bx)" dx]

dx 1
27. /a+bx = Elog(a—{—bx)

dx 1
28. =—
/ (a+ bx)? b(a + bx)

dx 1
29. / 5 =— 3
(a+ bx) 2b(a + bx)

biz[a—kbx—alog(a-i-bx)]

30. / X dx = or
a+ bx

X

b

a
ﬁlog (a+ bx)
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INTEGRALS (Continued)

Xdx 1
31. m :ﬁ[log(a—l—bx)—i- +b"i|
Xdx 1 -1 a
32. =— + , 1,2
(a+bx)" b2 [(n —(a+bx)"2 (n—Da+ bx)"’l] n#

X2 dx 11 5 5
33. /a+bx7b—3|:§(a+bx) — 2a(a + bx) +a log(a+b,\)]

3s. (axjidb;; :bi; :log(‘”be%f%aiiZbX)z}
“ (ai ch)" :bL} :(n - (;r pree R (ZF A (Zﬂr bx)n—l:|’ n#1,2.3
38. /x(a ffcbx)2 ~ala J]r bx) 7% oga —;bx

dx 1|1 /2a+bx\? X
39, | ———=—|= 1
/x(aqtbx)3 a3|:2<a+bx)+0ga+bxi|

dx 1 b a+ bx
0. [ ———=—+=1
_/ x2(a + bx) ax+a2 8
dx 2bx —a b b
=+ =1
4 /x3(a+hx) 2a2x2 @3 Oga-‘rbx
d 2b 2b b>
42. / al > = — 7a+ al +—310ga+ :
x2(a + bx)* a’x(a+bx)  a X
FORMS CONTAINING ¢?+ x%, x* — ¢?
dx X
43. /c2+x2 —tan -
m / 2dx gc—i-x’ (62>x2)
c c—x
dx xX—c 2 2
45. /xz 2¢ gv-i—c’ o> )
X dx
46. /&i 2—:|:—10g(c +x%)

47, / xdx _ 1
@+ 2y Tan(@ £y
dx 1 X dx
48. = m—3) | ———
/(CZ ixz)n 262(}1 _ 1) |:(62 ixg)n—l +( n )/(02 ixz)n—l:|

dx 1 X dx
49. @2=ay :Zcz(n 0 [7 (2 — 2y —(@n—- 3)/(x2 _ 02)"71]

xdx 1
50. /ﬁ = 51og(x2 -

A-22



51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

INTEGRALS (Continued)

/ X dx _ 1
(x2 — 2y T 2n(x® =2y

If

/
/
/
/
/

/

/
/

/
/
/
/

Ik

FORMS CONTAINING a+ bx and ¢+ dx
u=a+bx, v=c+dx,

k=0, then v:Eu
a

)
%:%[glog(u) _2log(v)]

dx —l l+i]0 X
2o k\u kB

Xdx _ —a_ ¢,

2y bku KBy
xzdx_ a? +i ﬁlo (V)+a
v Dku k2| d 08

dx 1 -1
wn . pm - k(m _ 1) un=1 . ym=1

u x k
- dx:;—&-ﬁlog(v)

-1 um+l un
=D [7\)”*1 +b(n—m— 2)/‘,%1 dx

or
Um dx -1 un um—l
v | dn—m— 1)|:F+mk/ v dx]
or

-1 u"
d(n—1) w1

m—1
mb / i — dx]
i

FORMS CONTAINING (a+ bx")

dx 1 _, xab
arb = Va e @0
1 o a+x\/_:ﬁ
B 2ab Ca—xv—ab’
at b or
! tanh’lx —ab
~ —ab a
G 1k
a+b2x2" ab
xdx 1 )
m_z—blog(a—i-bx )
X2 dx _Xx a dx
a+bx2 b b a+bx?
dx _ X +L/ dx
(a+bx2?  2ala+bx?)  2a) a+bx?

A-23

(ab < 0)

(ab < 0)

k=ad—bc
k — bc
%log(u)}
—(m+n—2)bf _ dxmf]
ut -y

}

)



INTEGRALS (Continued)

66 / dx s o a+ bx
C ) a2 —b2x2" 2ab Ta—bx
L X 2m —1 /
2ma(a + bxz)”’ 2ma J (a+ b‘cz)m
X
67. | ———5= or
[(a+bxz)m+l
(2m)' rli(r —1)! n 1 dx
(m!)? 2a — (4a)"" 2N a+ b3 (Ga)" ) a+bx?
68 xdx _ 1
S a4+ bx)tt T 2bm(a + bx2)™
6. X2 dx —Xx
(a + bx2y™! Zmb(a + bxz)”’ 2mb (a+ bx2)’”
dx 1 X2
R R T -
70 / x(a+bx?)  2a T b2
71 / dx __i_é/ dx
S ) X2(a+bxr) T ax a) a+bx2
1 +l/ dx
2am(a + bx?)" * a ) x(a+ bx?)"
7. [ ) o
x(a + bx2y"! " )
1 Z a +lo X
2am+1 | & r(a + bx2)' 8t b2
73 / dx _ l/‘ dx b
) XRa+ b T a) X2a+bx)" al (a+ bx2yt!
dx (k + x)? —k sja
74, SN tan! X8 k=2
/a+bx3 3a[20 agpur Y30 kﬁ]’ < b)
xdx 11, a+bx? 1 2x—k \Ja
75. ——=—|zlog—— 3tan” ——— k=]-
/a+bx3 3bk[2 0g(k+.x)3+fan 3D ( b)
x%dx 1 3
dx k1 X2 4 2kx + 2k2 o 2kx Ja
7. /a+bx4 = Z[Elog 7 okx ok T —xz}’ (“b >0.k=\2
dx k1 x+k | X J a
. log—— - = 9=
78 /a—o—b*c“ % [2 g k—l—tdn k]’ <ab<0,k b)
79 [—m — L b>0 k—\/E
“Jaxrd T e \ TR
xdx 1 X2 —k a
80. _/a+bx4 4bk1 X2+k (“b<0’k:v_5>
X2 dx 11, x*—2kx+2k? 2kx a
81. | ——=——:1 - b>0k=1—
_/a+bx4 4bk{2 O T 2k + 22 2% xz]’ (“ e \/;>
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INTEGRALS (Continued)
x2dx 1 x—k X a
82. =—|log=——+2tan"' = b<0,k="—-
_/a-i—bx“ 4bk[0gx+k+ an k}’ (“ <%=y b)

X3 dx 1 4
83. /a-ﬁ-bx“ _Elog(a—i-bx )

dx 1 X"
84. | —————=—log——
_/x(a + bx")  an Oga + bx"

85 / dx 1 / dx b x"dx
“ @byt al) (a+ b al (a+ byt

x"dx l/ XM dx _a XM dx
" @byt T b) (@b b)) (a+ bxryt

dx 1 dx b dx
87. = - +1
xm(a + bx”)" a x’”(a + bxn)l’ a xm—n(a + bxn)P

1
= | ym—n+l mp+1 _ 1 _m—n NI
op F 1)|:x (a+ bx"y a(m—n+ )/Vx (a+bx"y d,\]
or
1
m[xln+l(a+bx;xyz+anp/X;11(a+bxn)p—l dx:|
88. /x’”(a—i—hx”)”dx: or
1 m+1 nyp+1 / m+n \p
ey | Py o e [ ey ax
or
; _mtl nyp+1 /ﬁl g1
an(p+1)|: R e e e e e A

FORMS CONTAINING ¢ + x*

dx 1 (ctx) 1 4 2xFe
® [t e s

V3 V3

90 / dx _ X . i/ dx
(@3 T33(B3EXY) 33 3AER3

dx 1 x dx
o /(c3 £y 306 [(@ Ty T0n=D /7(03 I x3)11:|

X dx 1 A+ X3 1 2x Fc¢
92, | ——=—log———+——tan”' T~
/03 +x3  6c S (cxx)} " V3 /3
9 xdx x? + 1 [ X dx
T @ ENY 33X 33 ) A3
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INTEGRALS (Continued)

xdx 1 x? X dx
o [ (£ 2y T 3ncd [@3 oy O / @Ex xz)"]

X2 dx 1

. = =+ log(d £ 5°

95 [63:|:x3 3 og(c” £x7)
X2 dx 1

9. _
@2y T3 £ 0)

dx 1 X3
97. ———=—log—+——
/x(c3 +x3) 363 Ogc3 +x3

93 / dx = ! + ! lo x
) x(c3 £ x3)? T3c3(3£x3)  3¢b gc3 + X3

99 ] dx 1 L 1 / dx
S x@ 3y T 303 £ 0) x(c3 £ x3)"
dx 1 1 xdx
100. | ——F=——— I
00 /x2(c3 =+ x3) SxT e [c‘ + X3

101 de 1 dx N
) REE3yTTT A R(E ) Ta (& + 3y

FORMS CONTAINING ¢* + x*

1, ¥ 24 ¢ /2
102. / logY texv2te + tan™! cxv/2
6‘3\/— X2 — exy/2 + 2 e —x?
1
103. / = |:—10gc+—x+tan’]f:|
—X 2 c—X ¢
2
tan—! &
104/ +x4 tan 2
xdx 2+ x2
105/ T o—cz_x2
2 2 .
106. / llog’\ exv/2+c +tan”! exy2
+X4 V212 T2 4 ex/24+ 3 2 —x2
X2 dx 11 c+x X
107/ i [Elogc_x—tan E]

X3 dx 1 4, 4
108. fc“ix“:iZlOg(C +x%)

FORMS CONTAINING (¢ + bx + ¢x?)

X =a+bx+cx? and ¢ = 4ac — b?

H\2
If ¢=0, then X = c<x+2—> , and formulas starting with 23 should
¢

be used in place of these.

dx 2 2 ion _12ex+b

109. . (g>0)
F AN AN
-2 2¢A
=2 anh~! cx+b
dx \/_q \/_q
110/ = or
2 b— . /=
1 1 cx + G <0)
= 2CA+b+ /=
1. éih’x—i—b 2¢ @

X2 gx 4l x
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INTEGRALS (Continued)

112.

N

dx 2cx+b 1+£ 67c2 dx
2X2 X

X g ¢J)x
2cx+b+2(2n—l)c @
ngX" qn xn
113, / o _ or

Xn+1
@) (e\" [ 2ex+bI~y g\ [((r— D! dx
W(Z) { 2@ >+/X}

r=1

xdx 1 b [dx
114. T_ElOgX_Z 5

xdx bx+2a b [dx

115. [—= —— =
X2 qX q) X
116 xdx  2a+bx b2n—1) fdx
)Xt T pgxm nq Xn
x? x b b* —2ac [dx
117. | =dx==———logX —
XN T2k + 2c2 X

2 2 _
118. /%dx:(b 2ac)x +ab  2a (dx

cqX q]x
119 xX"dx xn-l n—m+1 b (x" dx
)Xt T Qn—m+DeX" 2n—m+1 ¢ Xntl

m—1 a [x"2dx
2n—m+1 ¢ Xt

Y24 2X 4] x

. [ b XL (P e /@
Jx T2 % T 02 e X
dx 1 b [dx 1/ dx

122, [ - 0 [f& T aY
fo” 2a(n — )X 2a X”+a xXxn-1

2
120./dx 11 X b [dx

—

123 / dx _ 1 7n+m—1 é/ dx
* xm xn+l - (Iﬂ _ l)axm—an m—1 a ] xm=1xn+1
2n+m—1 c/ dx

xm=2 xyn+l

m—1 a

FORMS CONTAINING «a + bx

2 3
124. '/.x/a+bxdx73—b (a+ bx)

2(2a — 3bx)y/ (a + bx)
15h2

125. /x«/a-i—bxdx: -

2(8a® — 12abx + 15b*x%),/(a + bx)?
126. /xzx/a+bxa'x: ( e )

10553
2 m 3 m—1
m[x v/ (a+ bx ma/x \/a+bxdx:|
127. /x"’va + bxdx = or
2 2 ml(—a)"™" .
= b I s b r+1
T VT ;) A — i+ 3@ T
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a+ bx dx
128. dx =2va+ bx + /7
/ X T evaTeN T e atbx
Va+ bx Ja+bx b dx
129. >—dx=— +3
X X 2J) xa+bx
a+ bx)? _
130. /\/a+bde:7 1 ( ) +(2m S)b‘/\/a—b—bxdx
xm (,n _ 1)[1 xm—1 2 xm=1
131 dx 2Ja+bx
’ Ja+bx b
xdx  2Q2a-bx)
132. NZE T va+ bx
X2 dx 2(8a® — 4abx — 3b*x?)
133. N 55 Va+ bx
2 " xm—ldx
@m+ Db [" Vatbx - ma/«/a+bx:|
x"dx
134. = or
/«/a + bx
2(—a)"Va+ bx i (=D)'m!(a + bx)"
bl = Q2r + Drli(m — n)la’
dx 1 Ja+bx —/a
135, | ——=——=log s (a>0)
xJa+bx a Va+bx+Ja
dx 2 _1 Ja+bx
136. /mi ﬁtan . (a <0)
137 dx __«/a+bx_£/ dx
) 2 Ja+bx ax 2a) x«/a+ bx
B va+bx _(2n—3)b/ dx
(n—Dax""'  2n—2)a) x»-'/a+ bx

dx
138. [ —=
/ x"a + bx

139. / (a+ by dx =

INTEGRALS (Continued)

@n-2 | Va+ bx”il: A= 1) (
[(n— 11 a

r=1 X

r2(r)!

b

" 4a

(a) o]

Aa+bx)?
b2 £ n)

140. f X(a+ bx)= dx =

14

1.[

2 [(a +00)" ata+ bxﬁ”}

b? 44n 24n
dx _ l / dx _ é / dx
Ma+bx)  al xatbx)r @l (a+bx)
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INTEGRALS (Continued)

n/2 (n=2)/2
142. /w - b/(a +bx) D Py a‘/%dx

143. /f(x¢a+bx)d\_b/f< z),dz, (z =a+bx)

FORMS CONTAINING +a + bx and /¢ + dx
u=a+ bx v=rc+dx k =ad — bc

If k=0, then, v:éu, and formulas starting with 124 should

be used in place of these.

2 anh  YEMY0 k<0
bd by
or
dx 2 ~bduy
144. — = L o]
N bdtdnh e bd >0, k> 0.
or
! 2
1 log(b‘ + ~/bduv) ’ (bd > 0)
Vbd v
2 tan-! ~/ —bduy
dx N —bd by
s, [ o= oF
u R (Zba'x +ad + bc) (bd < 0)
V=bd Ikl ’
+ 2bv k2 dx
146. /de_TM_gb_d -
1 df—\/kc
T8 it vid
dx
147. /V\/_ or
N2
! 10gu, (kd > 0)
Vkd v

dx 2 d/u
148. | — =———tan™! , kd <0
/vﬁ T e =0

xds _ i _adtbe [ ds
Juv o bd  2bd ) Juv

150. / dx__ 2w

v/ uv kv

149.

vdx Juv k[ dx

4/uv: b 2b) Juv
v [vdx

152. —

3 /f "l

153. / V' udx =

151.

1 ] Vdx
@m +®d@‘+“ﬁ+kf )
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INTEGRALS (Continued)

dx 1 Ju 3 dx
N N T <_1+ <’" B E)b / w*ﬁ)

2 i Vm—l
s [ ]

Vdx
— or
155. fﬁ
2(”1!)2ﬂ m 7% m—r@ i
bem+ )=\~ b)) )

FORMS CONTAINING v/x? £ a?

156. /\/xz ta?dx = xvx? £a> £ P log(x + Va2 £ a?)]

dx
157. [ ———=log(x+vVx2£a?
/szztaz g )
dx X
158. /7:—sec’lf
xvx2—a* ldl a
dx 1 a+~/x2+a?
189. | ——=—-log| ——
xv/x2 4+ a? a X

2 2 2 2
R (+— M)

Vo
161. /%dx:x/xz—az—lalsec’lg

X dx
162. [ ——=+Vx2+da?
Vx2+a?

163. /x«/xz tadx=4/(> +a?)
1 3dPx 3a*
2 2\3 Jy — — 2 2)3 V2 2 - /52 2
164. /,/(x ia)dx_4|:x,/(x +a?) + 3 x> +a*+ 5 log(x + v x ia)}

+x

165./ > _
\/(xzj:azf NEE

166. / xdx -l
\/(xz + 2 Va2t a?
167. /x,/ X2+ a?) dx = L2+ a2y’

2 4
168. /X2VX2ﬂ:a2dx: ,/(x2:|:a2)3:|:%x«/x2:|:a2—%log(x-‘r«/xzzl:az)

X
4

169. / Va2 + @ dx = (7 — Ea)/ (@ + x2)

170. /x3\/x2 —atdx = l\/(x2 —a) + iz\/(xz —a?)?
5 3

X2 dx X a*
171. ———=—Vx 2+ a? F—log(s 2+ a2
7 Neswr 2«/x a :F2 og(x +vx?+a?)
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INTEGRALS (Continued)

X3 dx 1
172. | —— =2/ 2+’ FV2+a?
miro 3 ( ) F

Y
xz»\/xZ:I:az_:F a>x

dx Vxl4a?t 1 a+/x2+a?
174. = + 710g .

173.

x3«/x2 =+ a2 26{2)62 2 3
x2—a? 1 x
175. = ——sec! =
/x3«/x2 %) 2a2x? + 2|ad| i

176. / (2 @) de =2 \/(xzj:cﬂ) :F (x2 £ a?)? \/xzj:a2

:FElog(x—i—«/x2 +a?)

1 @
3/ 3 5 7 5
177. /vc (x2+ta?) dx_7\/(x2ia2) Fs \/(xziaz)

CEdd Cia
178. /“/V YZ“ ‘:J/‘Y T log(x + VA2 £ )

1 X = — ——1
79. e dx 7 % og

V2 V42 1, a+ P+
X

180.

2 _ 2 72 .
/\/x - a dx:—\/x a 1 1)

X
2x2 2lal a

/2 3 ,/ v—:l:a2
181./ "f“ (
X

3a2x3
182. / ¥ d 4 log (x + vV x2 £ a?)
\/(xz + az) Vil Ea

S 2
183. /A:«/xuuﬂi a

/(Xz + a2)3 \/X2 +a?

A 1 1 a+x2+a?
184. = - S log—————
x\/(x2 + a2’ @V ta a X
dx 1 1 X
185. / =— ———sec”'=
¥ /(xz — &y V=2 |d| a
186 / dx 1 \/xzzl:azJr X
. ¥2,/(x2 £ a2)? a x wta
187 / - ! I R B L SR
: L 5 222+ 2 2dX2 + a2 245 X
X3 (X2 +az)§ 2a*x X
dx 1 3 3 X
188. = - ————sec —
/x3 [ — a2y} 2822V =@ 22— @ 20d°) a
X" 1 m—1 X2
189. | ——dx=—¥""Vx2+a’ 2
Vxtta? YTt vEeFT e 'Z:I:a
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190.

191.

192.

193.

194.

195.

196.

197.

198.

199.

200.

201.

202.

203.

204.

205.

INTEGRALS (Continued)

(2m)! L — o -
/\/mdx = zlm(m!)z [WZ (2 )' :Fa ) (2’6)2 1

+(Fa)" log(x + Vx> £ az):|

2m+l (27’) (m ) )
,CZ + 4 2 m—/XZr
,/VZia2 Z(zm_,’_l)'( ')2( )
dx _ NEE (m—2) dx
N :F(Wl — Da?xm-1 + (m—1Da® ) xm2x2 % a2
dx m— ‘ )|m|(2,)'22m—2r—1
Ny BTN
X xt +a? 3 (Y 2m)l(Fa?)" X2
& _embVesa Z PR ).
TR ()| @ 202r)!(4a?)" "X
(=) VP +d +a
22m a2m+1 0 x
dx _Cm) | Va2 —ar & A= 1) 4 1 X
x2n1+lm - (m|)2 @ 2(21)'(402)m 7 22m| |2m+1 sec P
/ b _ VX2 —a?
(x —a)Wx? —a? a(x — a)
/32— 2

/(x+a)Vx2 —2 a(x + a)
/.f(x, Vxt+a)dx=a /f(a tan u, asec u) sec’ u du, (u = tan™! 2 a> O)

/f(x,Vx2 —az)dx:a/f(asecu,atanu)secutanudu, (u:sec’]’—\‘,a > 0)
a

FORMS CONTAINING va? — x?

1
/Vaz —xzdx:§|:xx/a2 —x2 +azsin_li]

|al
X
sin”! —
» |al
/7: or
Va2 — x? X
—cos™ =
|al
_ 110 a+ Va2 —x?
wWa—x2 a X

/m — alog<a+m)

Xdx

7 —2

/ W& dx = L@ -2
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INTEGRALS (Continued)

206. /v(ﬂz — 32 dy = [\\/ (a? — x? \/—\2+ sin™! Izl]

X

dx _
/\/(az _ x2)3 T a2Ja — 2

207.

1

/ xdx _

\/( 2)3 B Va? —x?

209. /x,/(a2 — x2)dx = —L/(a? —x2)

210. /x2Va2—x2dx: w/(az—xz) +— (\c«/az—xz—o—a sin” F:ll)

211. /x3«/a2 —x2dx = (7%x2 7%412)\/(412 —x2)}

212. / X2/ (a? — x2)? d\_——x\/(az a2y 4 4 \/(a2—x2) +16 v 2 _ 2 +—sm 1“7
2

213. /xS\/(az —x2)3dx:;\/(a2 —x2) —%\/(az —x2)°

208.

xX2dx b a* X
214, | ——— = V@2 -2+ —sin ' =
o 3 as — x- + 5 sin il

dx a — x?

215. = —
/xzv a? — x2 ax

Va2 — x? vad—=x2 | x
216. dx = — —sin”T —
2 X la
var — x? vad—x2 1, a+~a?—x?
217. dx = — — 4+ —log——m—
3 2x2 2a X
Vo —1 @2 — x2)3
218./”4"dx=—( )
3a?x3
219. / Pl X g ¥
\/( 2)3 \/02 —X2 |(l|
Xdx 2 5 93p a0 oavp_ L s/, 2
220. /m_ 3(a x7) x(a —x7)/" = 3 a? — x> (x" +2a°)
3 2 2
221. /izﬂa —xH? 4 ad 5= a + Va2 — x?
\/m tE—an R
oo dx _ a? — x? Llo a+vat—x?
Ve —x2 282 2a° & X
dx 1 1 a+a> —x?
223. = ——log
x\/(az N AN —x2 a X
d> 1 S —
224, / S
X2/ (@ — x2) a X @ —x
dx 1 3 3 a+va* —x?
225. / =— + ——lo,
B (@@ = x2) 2822 a* = X2 2t aE =2 28 ¢ X
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INTEGRALS (Continued)

226 X" d Xk =2 n (m — 1)a? x"=2
. X = —
Va2 — x? m m [ — x-
X D e B Gl V! @ x
227. Ix = 2m—. 21 2r 1 B N
7 —az — ——dx (m!)z Z 22m=2r+1 @) a + >om sin Il
2m+1 29! N2
228. —— 2 —Va Z Lm)z (a3
N £ 2m+ D)
229 b _ Va2 = X2 n m—2 /’ dx
o2 =2 (m—Daxml (m—1Da? ] xm-2@2 — X2
230 ax _ ’”Zl(m — Dlml2r)122m=2r1
N = ("2 (2m)lam=2r x2r+1
dx _ (2m)! N ri(r—1)! 1 a—~a*—x?
2L 2l — 2 (m!)2|: 22(2,)1(4(12)"1 T > a1 log <
o WESE TR,
232. = log X (a” > b?)
B2 =W —x2 26V B2 b —x?
% 1 1 xVbr—a? o
233. = tan (b° > a’)
G N e N N
234 L et
: B+ X2 — X2 bJd + D2 N
235 Vet - x2 dx = va + b sin”! Wt —sin”' o
IS b1 v+ B2 lal

236. /f(x,x/a2 —xz)dx:a/f(asinu,acosu)cosudu, (u: sin’lg,a > 0)

FORMS CONTAINING +a + bx + cx?

X =a+ bx +cx?, g =4ac— b, andk:%

If ¢ =0, then VX = ﬁx+£‘
—log(2vVcX +2cx + b)
J «f
X
237. —_— = or
Jx
R
Je N
2ex+b
238. / n! (¢ <0)
N f“c Nl
_2Qex+b)
q NS
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240.

=

241.

242.

243.

244.

245.

246.

247.

248.

249.

N1

250.

251.

252.

253.

254.

255.

INTEGRALS (Continued)

dx  2(Q2cx+b) ( >
+2k
VX 3¢vx \X
2(2¢x + b)f 2hk(n — 1) /
p 2n — l)qX" 2n—1 X1
[ - = or
XV e By — Dk =L @
qlen) WX (kXY (1)
[fd (20( + b)\/—
T 4 Zk J—
_ Qex+ VX VX 3 [ dx
/ XV Xdx = X + +3@ 7%
, Qex+bVX ([, 5X 15 5 [dx
/X‘Fl T e M taTse) tiee ) U
Qex+bHX'VX  2n+1 el
4+ e k) X VXdx
[ XX dx = or
Qn+2)! kQex 4+ D)VX Nl + DI@kX)
[(n + D14k ¢ — (2r+2)
xdx VX b [
NG 2¢) VX
xdx _ 2(bx + 2a)
YJX | qJX
xdx _ JX _i dx
xJ/X  @Qn—1Dex® 2) xnJX
x2dx x 3b 3b% —4ac [ dx
7= G T [
X2 dx _ (2b* — 4ac)x + 2ab n l ﬂ
XVX VX c)] VX
X2 dx _ (2b* — 4ac)x + 2ab . dac + (2n — 3)b? /’
XX Qn—Deg XWX (2n—1)cg X=X
X dx (2 Shx  SB 2a\ . (3ab_ S\ [ dx
VX 3¢ 12¢2  8¢3 3¢ 4¢2 1663 JX
n _ n—1 _ n—2
X" dx _ ix”_l\/}— @n—Db (x""dx (n—Da [x"dx
JX  ne 2ne X ne VX
XJVX  bQcx+b) b [ dx
[ema=5F PRV - [

/\X«/—dY_ic——/Xx/—dx
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INTEGRALS (Continued)

, Xn+l\/" N
256. /xxfdx_m——/xfd

2
257. /xzﬁdx: V—S—b Xﬁ+5h 4ac/\/—dx
6¢c) 4c 16¢2

258.

/ dx ——Llo 2V aX + bx +2a (@>0)
WX Ja't x ’

dx | bx 4 2a
259. /—:—5111_1( ), a<0
XX A/ —a [xl/=q ( )

260. / & _ X

‘Cﬁ_—w, (a=0)

261 / dx 77Q7£/ dx
TS VX T ax XX

[

FORMS INVOLVING +2ax — x?

264. f«/Zax — X2dx = %[(x —a)V2ax — x> + a*sin”! %]
a

o5 a—x
|al
265. f
V2ax — x2
L Xx—a
sin
n—]2/_~23/2 2,
X (2ax — x*) (n+1)a/ ' = dy
n+2 n+2
or
266. /X"V 2ax — xtdx = ! (2}1 + 1)!(r!)2an—r‘+l )
V2ax — x? X'
n+2 — 2" (2r + Di(n + 2)!n!

@2n 4+ Dla"+? R
2"nl(n + 2)! lal

267 /\/2ax—x2d¥7(2ax—x2)3/2 n—3 /‘\/Zavc—x
’ T (B3=2max"  (2n—13)a xn-1
X'V 2ax — x2 a(2n7 1)/ X1
n V2ax — ‘Cz
ﬂdx
268. or
2ax Vax—=2

& rl(r — Dla™" 11 v
xRy @O = DT Gl x
= 2"7(2n)(nl) 27(nl) |al
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269.

270.

271.

272.

273.

274.

275.

276.

2717.

278.

279.

280.

281.

INTEGRALS (Continued)

V2ax — x2 n—l/ dx
a(l =2n)x"  2n—1)aJ yn-1

X
/x’WZax —xX

or

—1V2ax — x2

mz? "(n — 1)!n!(2r)!

pare (2}’[)'(/") an— rxl'+]

X—a

x
/(2ax —x2)? T 2V 2ax — 2

xdx

X

(2ax — x2)¥? - av/2ax — x?

MISCELLANEOUS ALGEBRAIC FORMS

dx
/«/2ax +x2

log(x + a + v/2ax + x?)

//ax2+cd,v:§/a,v2+c+

2a

Llog (xva++vax?+c),

(a > 0)

/\/a*c2+cd‘c_—\/a‘c2+c+2\/__sm (x\/—_g>, (a<0)

/

+\‘dx:sin_1x—x/1—x2
—x

Ll Vaxt+c— /e
ny/c & tet Jax"¥ ¢+ /e
X
,/.x«/ax” e o or
«/a‘c +c—4/c
nf R
> 2 1 ax
" C sec )
/x«/ax”-i—c n«/—cSec 4 (€<0)

/m fbg(

(c>0)

xJa++vaxt+c¢), (a>0)

dx« 1 . ‘\/7 0
/«/ﬁ_ﬁsm (V\ _Z>’ (a <0)

/(ax2 +C)m+1/2d)€ _

/ x(ax? +c)'”+2d =

x(ax? 4+ ¢V Qm+ e

or

2m+1) 2m+1)

/ (ax* + c)’”_%dx

(ax® +¢)

@2m + Dl

m 2 m—r
- Qm + DI
xvax? +c EO o
o

2 ml(m + D)2 + 1)!

22m+iml(m + 1)!

(ax +C)m+2
2m+ 3)a
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282

283

dx

(axz +C)m+]/2
’ X

dx
* (axz +C)nz+1/2

dx =

INTEGRALS (Continued)

2 Am+1/2 2 Nm—1/2
(ax* +¢) +c/(ax +¢) dx
X

2m+ 1
or
2" (ax? 4 c) dx
[T 1 . + L,m+1 /
ax +L; 2r+1 xvax? +c¢

X 2m—2

dx
+
@m = De(ax? + Y"1~ 2m — 1)6’,/(41362 + )12

or
x ol amedr= Gy (20!

Vax? ¥ ¢ = Cm)\(r) em=r(ax? + o)’
Vaxt + ¢

dx

284

_ (m—2)a /
. x"Jax2 + ¢ - (m— l)CX’”*l (m— 1)6 x"=2ax? + ¢

1+ x? 1 X2+ T+ x4
285 | ———F——dx=—Flog———5—
(1 —x)V/1+ x4 V2 l—x
2
286. lixdx - Ltanfl Y—ﬁ
(14 x2)V/1+ x4 V2 V1 +x*
287 / dx _ 2 a+ V¥ + a?
Y xV+ a2 na Xt
dx 2 a
288, | ———=—"—sin"' —
/x«/x” —a? na N

[ x 2 x\32
289./ mdxfgsm (Z)

FORMS INVOLVING TRIGONOMETRIC FUNCTIONS

1
290. /(sin ax)dx = — Ecos ax

1
291. /(cos ax)dx = P sin ax

1 1
292. /(tan ax)dx = — Zlog cosax = alog sec ax

1 1
293. /(cot ax) dx = —logsinax = ——logcscax
a a

T

1 1
294. | (secax)dx = —log(secax + tanax) = —log tan( + ﬂ)
a a 4 2

1 1
295. f(csc ax)dx = Zlog(csc ax — cotax) = ;log tan

1
296. /(sin2 ax)dx = — % cosaxsinax +

ax

2

LIV SN IS
2,\—2X 4asm ax

1
297. / (sin® ax) dx = — 3, (cos ax)(sin® ax + 2)

298. / (sin* ax) dx =

299. / (sin” ax) dx =

3x

8

sin"™" axcos ax

R — / (sin"2 ax) dx

sin 4ax
32a

sin 2ax
4a

n—1 n—1

na
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300.

301.

302.

303.

304.

305.

306.

307.

308.

309.

310.

311.

312.

313.

314.

315.

316.

317.

318.

m—1

INTEGRALS (Continued)

/ (sin®™ ax) dx =

a

/ (sin®™*! ax) dx = —

1 . 1
/(cos2 ax)dx = % sin ax cos ax + =

— (2m+ D>

1 1 .
X =-x+-—sin2ax

2 2 4a

/(cos3 ax)dx = % (sin ax)(cos® ax + 2)

X

/(0054 ax)dx = 38

4a

sin 2ax

sin4ax
32a

1 . n—1
/(cos” ax) dx = —cos" ! axsinax + —— | (cos"? ax) dx
na n

_cosaxZ @m)(r!)? o 2m)! .
a = 02m=2(2r 4 1)\(m!)> 22m(mly*”
€08 ax - 222 (m(2r) .,

ax

/ (cos ax)dx = sin ax’”i @mlrh? x4+ _@m)t X
a o= 4 1)!(m!)2 zzm(m!)Z
/ (cos™™ ! ax) dx = sin ax & 22’”’2’(m!)2(21;)! & ax
a = 2m4+ 1)
d> 1
/ - ZY :/(csczax)dx:ffcotax
sin” ax a
dx - 1 cosax ~m—2 dx
s M = (CSC ax) dx = — 1 s m=2
sm- ax (m — l)a S’ ax m-— 1 sSin’ ax
1 222 iy — 1) lml(2r)!
/— /(csco"’ ax)dx = ——cos axZ (mz - 2),::1( 1)
sin a = (@Cm)(r)” sin ax
/ ssz f (csc™ 1 ax) dx
2m)!()? 1 (C2m) >
:——cosaxz (2m)(1) 53 1._Gm 5logta a
a = 22m=2(m!)*(2r + Dlsin” ™ ax - a 2%7(m!) 2

[ cos2 ax
fcos”ax

dx
cos2 ax

/ (sec” ax)dx =

1
Ix = —si
/(sec " ax) dx asmaxz

1
/(sec ax)dx = —tan ax

n—2
n—1

dx
cos"™2 ax

1 sin ax

/

W=l 2221 iy — 1)) (20)!

(n—Da cos™ax

= @Cm)\(r)? cos?+! ax

7

2m+1
_— (sec ax) dx
[C082m+1 ax / )

m—1

@m)\(1)? 1 Cm)

—sma‘c E

= 22m=2r(m1)?(2r 4 1)! cos¥+2 ax

a 22n1(m!)2

/ (sin mx) (sin nx) dx = Si;((::: :Z))x - SI;((ZiZ))x (m* # n?)
/ (cos mx) (cos nx) dx = Sirzl((z : 2)))( sn;((:zi:))x (m* #n?)

1
/ (sin ax) (cos ax) dx = % sin” ax

A-39
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INTEGRALS (Continued)

319. / (sin mx) (cos nx) dx = — CO;((Z: :))x - C"zs((,’::,’:;x, (m* % n?)

320. [ (sin® ax)(cos’® ax)dx = — L sin4ax + X
32a 8
m+1
321. /(sin ax) (cos” ax)dx = — %
s om+1
322. [ (sin™ ax) (cos ax) dx = %

cos"™ ! ax sin"*! ax Lme 1
(m+n)a m+n

/ (cos™ 2 ax) (sin" ax) dx

323. / (cos™ ax) (sin” ax) dx = or
son—=1 m+1
sin"~" axcos”™ax n—1 e
+ (cos™ ax) (sin" 2 ax) dx
(m+n)a m+n
cos"*! ax m—n+ 2/ cos™ ax
— — — — x
(n— Dasin" ' ax n—1 sin"~2 ax
cos” ax
324. T dx = or
sin” ax
cos” ! ax m—1 /cos’”’2 axd
- X
a(m —n) sinlax m-—n sin” ax
com+1 s
sin”™ ax m—n+2 [ sin” ax
a(n — 1) cos" ! ax n—1 cos"2ax
1A
sin” ax
325. dx = or
cos” ax
sin™ ! ax m—1 [sin"%ax
— -+ dx
a(m—n)cos"lax m—nJ cos*ax
sin ax 1 sec ax
326. dx = =
cos? ax acos ax a
sin” ax 1. 1 T ax
327. dx = ——sinax +—log tan(f + )
cos ax a a 4 2
cos ax 1 cscax
328. ——dx = —— =-
sin” ax asin ax a

1
—logtan ax

dx
29. - =
329 /(sin ax)(cosax) a

1 ax
330 - (sec ax + logtan ?)

/ dx _
* J (sinax)(cos?ax)  a
1 dx

331 / dx = + -
*J (sinax)(cos"ax)  a(m— 1)cos"! ax (sin ax) (cos"2 ax)

1 1 T ax
= ——cscax +7logtan(7+—>
a a

332
4 2

f dx
’ (sin2 ax) (cos ax)

333 - g cot2ax
a

/ dx _
* J (sin? ax) (cos?ax)
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INTEGRALS (Continued)

1

B a(m — 1) (sin™ ! ax) (cos"! ax)

de n m+n— 2/ dx
334. / S — m—1 (sin™2 ax) (cos” ax)

sin” ax cos” ax

or
1 m+n—2 /‘ dx
a(n—1) sin” ! ax cos"! ax n—1 sin” ax cos"2 ax
. 1
335. /sm(a + bx)dx = — 5 cos(a + bx)
1.
336. /cos(a + bx)dx = 5 sin(a + bx)
dx 1 T ax
337. / 1 +sinax qZ;tan(Z :':7)
338. /L —Lan®
1+4cosax a 2
339. /L = Lo
1 —cosax a 2
2 atan X +b
tan~ 2
2 —n 2 —
*340. / L = or
a—+ bsinx

1 atan%-ﬁ-b—«/bz—a2

log x
b —a? atans +b+ /b —

D) \/aszztanE
tan™! 2
2 — b2 a+b
341, sz or
a+ bcosx .
1 \/hz—aztané-i-a-i-h

log %
b —a? «/bz—aztanz—a—b

*342. /*
a—+ bsinx + ccosx

! b_\/bz""’72_az"'(a—(f‘)tanE
= L e ercane
N/ — b+m+(a_c)tan§
or
X
= b+(a—c)tan>
2 -1 2 . 2 > 5
tan > ifa°>b"+c¢
Va2 —bp2 =2 \/az—bz—cz
or
1[a—(b+c)cosx — (b —c)sinx '2 .
a fa? = _
a[a*(bfc)cosx+(h+c)sinx’ ha +c,a#c

*See note 6 on page A-19.
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INTEGRALS (Continued)

.
sin” x dx 1 ja+b a X
s3q3, [ SOxd 1 S )
3 /a-i—bcoszx bV a1 (a-i—htdr”) b’ (ab >0, or |a] > |b])

A 1 an»
344, / dx _ :—tan"(bt‘mx)
a’cos?x + bh?sinx ab a

*345, / cos? C"x o — a2 + b2 tan-! Ja® + b2 tan cx X
@ + b?sin® ex ab*c a b2
sin ¢x cos cx 1
346. / dx = log(acos?® ex + bsin® cx
acos? ex + bsin® cx 2¢(b — a) & )

347. / O gy = / dx
acoscx + bsincx a+ btancx

= m [acx + blog(acos cx + bsin cx)
sin ¢x dx 1
348. Ix = = x — bl incx+b :
/asincx-i—bcoscxéx /a-i—bcotcx c(a2+b2)[a“ og(asincx +bcos cx)]
1 ctanx 4+ b — /b2 —ac )
og R (b” > ac)
2v/b? —ac T ctanx+ b+ b* —ac
or
dx 1 ctanx + b
*349./ = -1 i 2 ,
acos? x +2bcos xsin x + ¢sin’ x ,/ac,bztan Jac — 2~ (b7 < ac)
or
1
- - b = ac
ctanx+b’ ( ac)
sin ax 1 T __ax
350. | ————dx=+x+—tan(- F—
/lj:sinaxx Y—i_aan<4;2)
dx 1 T ax 1 ax
351, | ————————— =—tan(- ~logtan—
(sinax) (1 £sinax) a an(4:|: 2) +a ogtan 2

dx 1 T ax 1, s/m ax
352. /—(1 n sin ax)z = —2—atan(z — ?> — atdl’l (Z — 7)

. [t oGS %)

sin ax 1 T ax 1 T ax

354, | —————dx=——tan(- — —tan’ (= — =
(1 + sin ax)? * 2a dn(4 )+6a an ( 2)

sin ax 1 n ax 1 (T ax

355. = cotf=—== TN S
/(1 - smav) 24° (4 2 ) +6aco (4 2)

sin x dx
356. fm—z‘zfm

x b dx
357. | —————— =—logt _
/(sinx)(a+bsinx) a 8 an2 /a—l—bsmx

358 / _ bcos x n a / dx
" J@+bsinx)? (@ —b)(a+bsinx) o> —b ) a+bsinx
*See note 6 on page A-19.
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359.

*360.

*361.

362.

363.

364.

365.

366.

367.

368.

369.

370.

371.

372.

373.

*374.

*375.

*376.

377.

INTEGRALS (Continued)

sinxdx acosx n h / dx
(a+bsinx)?  (B*—a*)a+bsinx) b2 —a? ) a+bsinx
/ dx 1 tan’l Va2 + b2 tan ex
@+ b2sin’ex acar + b2 a
[ _ B2 tan cx
a1V b tdnc,\’ @ > 1)
/ acVaz b2 a
a*— b2 sin® cx /b2 — @ tancx +a @ <)
s <
2acm «/Htan cx—a
/de =x— —tdn—
1 + cos ax a 2
/ cosax 1 ax
—————dx=—x——cot
1 —cosax a 2
—dx =-lo tan(E—Fﬂ) —ltanE
(cosax)(1 +cosax) a g 42 2
—dx =-lo tan(E + %) ——cot ax
(cosax)(l —cosax) a g 4 2 2
/7 itan%—&-itan}ax
(1 +cosax)* 2a 2 6a 2
‘/701)6 = lcot @ icot3%
(1 —cosax)®  2a 2 6a 2
cosax 1 a 1 3 ax
72 ‘C t ~ _t(
(1 + cos ax) 2a 2 6a 2
e R N icotE - Lcot3 ax
(1—cosax)®>  2a 2 6a 2
/ cosxdx X _a dx
at+bcosx b b)) atbcosx
dx 10 tan(‘c+ ) h/ dx
(cosx)(a+bcosx) a g 2 4 a) a+bcosx
/ A _ bsin x __a / dx
(a+bcosxy (B*—da>)a+bcosx) b*—a? [ a+bcosx
cos X ‘o asin x b / dx
(a+bcosxy (@@ —b)a+bcosx) @ —bJ a+bcosx
/ dx _ 2 tan- (% +b tan<*
a*> 4+ b2 —2abcoscx  c(a® — b?) a—>b 2
/ dx _ 1 tan-! atancx
@ +b2cos?ex aeaZ + b2 /i + D2
1 _, atancx 5 )
tan a >b
dx acv'a® — b2 Var = b? ¢ )
/ T Plcolox or
@ — brcostex 1 atancx — V0¥ — a2 > o
1 b >a

og )
2acvb — 2 atancx + VB — @

sin ax 1
f TT cos ax & = F log(l £ cosav)

*See note 6 on page A-19.
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378.

379.

380.

381.

382

383

384

385.

386

387.

388.

389.

390.

391.

392.

393.

394,

395.

INTEGRALS (Continued)

cos ax 1 .
/m dx = £ - log(l + sinax)

./ = ==+ : + Ll() tan%

(sinax)(1 £cosax) ~ ~ 2a(l £cosax) 2a g 3

/ dx = ! + l10 tan(n—o— )
(cosax)(l £sinax) | 2a(l £sinax)  2a £33

sin ax

1
2T e =-1 .
(cosan)(l £cosax) "~ a og(secax + 1)

cosax

1
e | dx = —-1 x+1
(sin ax)(1 &£ sin ax) - a og(escax 1)

sinax dx = ! iilo tan(E + ax>
" ] (cosan) (I £sinax) ™ T 2a(1 £sinax) - 2a NG T 2
cosax dx = ! :I:ilo tan X
*J sinax)(1+£cosax) =~ 2a(l £cosax)™ 2a gtan—

dx 1 ax T
———— = —— logtan(—+ -
/sin ax+tcosax a2 08 an(2 8)

/L = ltan(ax F E)
©J (sinax £ cosax)’  2a 4

dx 1 ax
™ 4+ oef1+tan—
/1 + cosax + sin ax ia og( +tan 2)

/’ dx 1 o btancx + a
@cos?ex — b2sin®cx  2abe Ehtancy — a

. 1 . X
x(sinax)dx = —sinax — — cosax
a a
5o 2x . a?x? —
x“(sinax)dx = —sinax — ————— cosax
a2 @
3. 3a?x? — 6 . @x* — 6x
x’(sinax)dx = ————sinax — —————cosax
a* @

1 m
— —x"cosax + — | X"~ cosaxdx
a a

or
. [m/2] 2
xX"sinaxdx = 1 m! xmer
cos ax E D" ——5 o
(m—=2r)! a**
r=0

[(m=1)/2] xmf2rfl

|
+sinax Y (—1) —

o (m—2r—1N g2

Note: [s] means greatest integer < s; [35]=3, [§] =0, etc.

1 X .
x(cos ax) dx = — cos ax + —sinax
a a
) 2x cosax  a*x?—2 .
x*(cosax)dx =——>5—+ s——sinax
a a
3 3a*x? — x> —6x
x’(cosax)dx = T cos ax + 3 sin ax
a a
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396.

397.

398.

399.

400.

401.

402.

403.

w

404.

405.

406.

407.

408.

409.

410.

411.

412.

413.

414.

INTEGRALS (Continued)

x"sinax m
.
or
[m/2]

/ x"(cos ax)dx =

X"V sin ax dx

X" 2r

S‘““‘Z( D r—] (m— 2,-)[ T2

[(m=1)/2] m! xmerfl
. ! R
+ cos ax ;‘ (1) T T T
See note integral 392.
2n+1
/sm ax o Z(_ y (ax)
poar 2n+ DC2n+ 1)
COoSs ax (ax)™"
dx =log) -1)"
/ ¥ =logy+ Z( D 2n(2n)!
wc(sm ax)dx = X2 xsin2ax  cos2ax
. T4 4a 8a?
3 B 2 1 2
/xz(sm ax)dx = % (:—a — @> sin 2ax — %

/ x(sin® ax) dx = xcos3ax sin3ax 3xcosax 3sinax
: T 12a 36a% 4a 4q°
x*  xsin2 2a

/x(cosz ax) dx 2% + % Cofjaza‘C
3 2 1 2a;
/x2(0052 ax) dx :% + (z—a - @> sin 2ax + %ﬂzax
/ v(cos® ax) dx = xsin3ax cos3ax 3xsinax  3cosax
. i T 12a 3642 4a 4a?
sin ax sin ax a cos ax
dx = — d>
/ xm X (m — l)xm—l m—1 / xm—1 X
/cosaxdx: __cosax a4 /sinaxdx
xm m—=1Dxm1 m—1]) xm-!
X COSs ax
x = —1 1+
/1 =+ sin ax dx :Fa(l :I:smax) og(l & sin ax)
/ tanax 2 lo cosax
1 + cos ax dx =yt plegcosy
/ 7§cot +£lo sin@
1 —cos ax a 2 T2 0y
/x—i— 5111de - xtanf
1+ cosx 2
X —sinx X
— dx = —) t—
_/ 1 —cosx Y reo 2
2sin ax 272 ax
V1 —-cosaxdx = ————==———cos|—
/ av/1 —cosax a (2)
2sin ax 2f
V1+4cosaxdx = ———— (—)
/ av/1+cosax a 2

[vl +sinxdx = iZ(sin%—cos%),

[use + if (8k — 1)% <x< (8k+3)g

A-45
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415.

416.

417.

418.

419.

420.

421.

422.

423.

424.

425.

426.

427.

428.

429.

430.

431.

INTEGRALS (Continued)

/«/1 —sinxdx = :I:Z(sing +cos§),

[use +if (8k — 3)% <x <(8k+1) g, otherwise —; k an integer }

=+v2 2 log tan—

/«/l—cosx 4’

[use + if 4km < x < (4k+2)m, otherwise —; k an integer]

=42 logtan(x : T[),

dx
/«/1 + cosx

[use + if (4k — 1)t < x < (4k + 1), otherwise —; k an integer]

=+2 logtan(E — E),

dx
/«/lfsinx 4 8

[use + if (8k + l)g <x< Bk+ 5);, otherwise —; k an integer]

dx X
—  — +/2 logtan(= + =),
/\/1+sinx g (4 8)

[use + if (8k — 1)% <x< (8k+3)g
, 1
(tan” ax)dx= — tanax — x
a

1 1
/(tan3 ax) dx = — tan® ax +— logcos ax
2a a

tandax 1
/(tan4 ax)dx = w2 tanx + x
tan" ! ax

/ (tan" ax) dx = - / (tan" 2 ax) dx

a(n—1)

1
/(cot2 ax)dx = — 5cot ax —x
3 1 5 1 .
(cot’ax)dx = — —cot“ax — —logsin ax
2a a

1 1
/(cot4 ax) dx = ——-cot® ax + —cotax + x
3a a

, otherwise —; k an integer]

1 .
+ ) logsin ax

1

n—1
f(cot” ax)dx = — L /(cot” 2 ax) dx
X cot ax
/ - dx:/x(csczax)dx:f reotax
sin” ax
/ dx = / x(csc"ax)dx = — o COS. a,\;l
sin” ax a(n — 1sin"™ ax
(n—2) X
(n—1)J sin"™

X

/

S——dx =
cos? ax

X sinax

T @2 — D)(n — 2)sin"™

dX

ZGX

dx

1 1
/x(sec ax)dx = PR tan ax + 5 log cos ax

1

/

dx = / x(sec"ax) dx =

a(n — 1) cos" ! ax

n—2/ X

n—1

cos" ax

+
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432.

433.

434.

435

436.

437.

438

439.

440

441.

442.

443.

444.

445.

446.

447.

448.

. f(sin ax)V'1 = b sin® axdx = — 0025 91~ b2 sin® ax

INTEGRALS (Continued)

sin ax 1 . | bcosax

sin ax

——dx
V1 = b2sin’ ax
> 1+
/(sin ax)V'1 + b2 sin® ax dx = — COS:Y\/ 1+ b2 sin? ax — + sin™!

Ccos

Cos

————dx=——sin

V1 + b2sin’ ax ab V1402
1 / -2

= —Elog(bcosax—s— 1 — b%sin” ax)

2

a
2

2ab

1
e S — log(bsinax + /1 + b2 sin? ax)
V1 +b2sin’ ax ab

: 1
a — —sin~!(bsinax)

—— dx
V1 = b2sin’ ax ab
. [(cosax)v'1 + b2 sin® axdx = Smjv 1+ b2 sin® ax
2a

log(bcosax +

2ab

1 — b2 sin” ax)

1
+—log(bsinax + v 1 + b2 sin® ax)
2ab

2a

/ dx £ nt (/= Lin (a> |b])
R = x|, a>
Ja+btan?ex  ca—b a

[use + if 2k — 1)% <x<Qk+ l)g, otherwise —; k an integer]

bcosax
1+ 52

in a 1
/(cos ax)V'1 — b2 sin® ax dx = SIAY /T~ b2 sin® ax + ﬁSinq (bsinax)

FORMS INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS

— — V1 —ax?
(sin™" ax)dx = xsin ax+f
M= 22

/‘(cos’l ax)dx = xcos™' ax — %

1
/(tan’l ax)dx = xtan" ax — 2—10g(1 +d?x?)
a

1
/(cot_1 ax)dx = xcot ! ax +2—alog(1 +d*x?)

1
/(sec" ax)dx = xsec”! ax —Zlog(ax +Vaix? —1)

1
/(csc’1 ax)dx = xcsc™ ax +;10g(ax +Varx? 1)

X X
/(sm l7)(17)::xsm 24 Va2 — 32,
a a

/(

X
cos  —
a

x
)dx:xcos 12 Va2 = x2,
a

A-47
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449.

450.

451.

452.

453.

454.

455.

456.

457.

458.

459.

460.

461.

462.

463.

464.

465.

/ (tan’l 2) dx =

INTEGRALS (Continued)

X a
xtan' Y — Llog(d® + )
a 2

/(cot"1 g) dx = xcot™ 174— log(a +x7)

/ x[sin™! (ax)] dx = é[(Zazxz — 1) sin™! (ax) + ax V1 — a?x?]

/ x[cos ™! (ax)] dx =
/ ¥'[sin”! (ax)] dx = :+
/ X'"[cos™Hax)] dx = p + ;
/ x(tan~'ax) dx =
/ ¥(tan"ax) dx = >
/ x(cot ' ax)dx =

/x"(cot’lax) dx =2
n+

1
@[(ZuZ:c2 — 1) cos™! (ax) — axv1 — a*x?]

n+1 \’”+1d\’
sin” (ax _ n#—1
'ax) - n+1 T (n#-1)
o xn+ldx
cos™ (ax +— n#—1
(ax) T 0D
1 +a?x? tan—! ax X
2a% 2a
n+1 n+1
a X
tan"lax — —— [ ———d>
n+lan ax n+1/l+azx2 *

1+ a*x? 1 X
———5—cot™ ax + —
2a? AR

n+1 n+1
cot™ a’c+7
1 /1 + a2\c2

/sm’l (ax) (1 — V1= a2x2> sin™! (ax)
——5 —dx=ualog -
X x x
cos~! (ax) dx . 1+ V1 —a?x?
— 2 - ——cos™ " (ax)+alog—————
tan~! (ax) dx | a, 1+ ax?
[ = a0 Slog T
/Cot’laxdx = lcot ax — 2o v
X2 7T x 2% a1
2V/1 — a?x?
/(sirf1 ax)*dx = x(sin"! ax)® — 2x ++ sin~! ax
271 — a?x?
/(cos" ax)dx = x(cos ! ax)? — 2x — Y1 "I o5l ax
a
T— 22
x(sin™! ax)" + %(sin_1 ax)""'100 — n(n — 1) /(sin_1 ax)"2dx
or
o1 n [n/2]
sin” ax)'dx = o
/( ) Z( 2 )'X(Sll’l X)n 2r
[(n=1)/2] V1 = 2x2
1 n—2r—1
+ Z (=" ﬁ(sm ax)
r=0
Note: [s] means greatest integer < s. Thus [3.5] means 3; [5]=35, [%]:O.

A-48



466.

467.

468.

469.

470.

471.

472.

473.

474.

475.

476.

4717.

478.

479.

N=J

480.

=]

x(cos™

or

-1 n _ [n/2]
/(cos ax)'dx = Z(_l)

1
/vl—azxz

X”
/vl — a?x?

(sin™ ax) dx =

1
5(sin” ax)

+

INTEGRALS (Continued)

T— 22
Vax)y" — %(cos ax)" 1120 — n(n = 1) /(cos
n—2r
2 )' x(cos™! ax)
[(n=1)/2] V1 = 22
> =1y 71)'(003 axy=2-!
r=0

2

n—1 n

. X X
(sin"lax)dx = —=—~/1 — &x2sin"' ax + =
na? n%a

n—1 ‘Cn—Z

na® J 1= a2x?

sin™! axdx

1 1
/\/177W(cos’1 ax)dx = —%(cos’1 ax)?
X" o = X"_l 0 ) . X"
ﬁ(cos ax)dx = — e V1 —a?x? cos ax—Ta
+n -1 X cos™'axd
— | —— ax dx
na> J J1—a2x2
tan~ ax 1 5
eI ] =5 — (tan~" ax)
L -1, 32
/ Spea 1 oy (cot™" ax)
2 ) 1
/xsec axdvc_Tsec ax—z 5 a’xr —1
/x sec ! axdx = v sec™! ax—; X”id\
n+1 i n+1 a2x? —1
/ _ sec”! ax N Varx? —1
x x
x? 1 1
/xcsc axdx = 7csc’ ax+2—azx/a2x2 -1
/\c csc”axdx = v esclax + ! X
. _}’l-‘rl . n+1 Ja2x? —1
csc’laxd _esclax Valx? -1
x2 ST T X

FORMS INVOLVING TRIGONOMETRIC SUBSTITUTIONS

Z

1422

)

V/f(sin xX)dx =2 /f <117222)

/f(COSx)dx:z/‘f(l

@ (z:tan%)
lj-—zzz’ (z:tan%)

A-49
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INTEGRALS (Continued)

*481. /f(sin x)dx = /f(u)\/ld—i”—ui’ (u = sin x)

*482. /f(cosx)dx:f/f(u)\/ld%_lﬂ, (u = cosx)

*483. /f(sinx, cosx)dx = /.f(u, V11— u2)\/1d—i_uz, (u = sin x)

2z 1-22 b
484. ‘/f(sinx, cosx)dx:2‘/f<1 = 1+22> I f"z, (z:tan%)

LOGARITHMIC FORMS
485. /(log X)dx = xlogx — x

2 2
486. /x(logx) dx = %logx -

4
3 3
487. /xz(logx)dx:ilogfo
3 9
3 +1 xn+1
488. x"(log ax) dx = logax — —
/ (logax)dx = ~logax=C 7

489. / (log x)*dx = x(log x)? — 2xlog x + 2x

x(log x)" — n/(logx)”_ldx, (n#—1)
490. /(logx)”dx = or
0o (—logx)
(=1) n!x;T

491. / 029" o 1 (1og !
X n+1

(logx)*  (logx)’
2.2 T 3.3

dx
492. /logx = log(logx) + log x +

dx
493. _/xlog = log(log x)

494. f - __ ! -
x(log x) (n— D)(log x)"

m m+1 1 1y
495, X dxn __ X! 4 m+1 X" d,xil
(log x) (n— D(logx)" n—1J (logx)"
¥ (log x)' n m il
W*W/X (log0)™ dx
496. /xm(log x)'dx = or
n n! m+1 - (7 IOg x)r
( 1) m+1x ;r!(m_'_l)n—r
? cos(b1n x) d Sl bsin(b1 bl
497. /x cos(hInx)dx = —————-[bsin(bInx) + (p+ 1)cos(bInx)] + ¢
(blnx)dy = S bsin (p+ Dcos(bIn )]

p+1

m [(p+ Dsin(bInx) — beos(bInx)] 4 ¢

498. / x?sin(blnx)dx =

ax

499. /[log(ax + b)]dx = + blog(ax +b) —x
a

* The square roots appearing in these formulas may be plus or minus, depending on the
quadrant of x. Care must be used to give them the proper sign.
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500.

501

502.

503.

504.

INTEGRA

ax +
bx

710g(ax2 +b) dx = glogx

X

/

LS (Continued)

b log(ax + b)

m+1
. / X"[log(ax + b)) dx = b |:x”"+l — (— é) i| log(ax + b)
m+1 a

1
m+1

(-2

log(ax + b) dy — — 1 log(ax + b)

/

xm=1

(-5)

m—1

4 1
m—1

XM

m—1

X+

/ [log

m+1 m+1 1 ax "
25 (-%)
1 a\m-1. ax+b
m—1 <_ B) log X
m—2 r
1(— i) s (m>2)
—r ax

a] dx = (x + a)log(x + a) — (x — a)log(x — a)
xX—a

See note integral 392.

505.

506.

507

508.

509.

510.

511.

512.

N

513.

om+1 o m+l m+1 _ m+l1
/x’"[log;ti_a}dx:'\ mila) log(x—&—a)—%log(x—a)
2an1+1 [(m+1)/2] 1 o\ m—2r42
m+1 = m—2r+2(5)
1 X+a 1 x—a 1 X —d?
— 1 d,’:*l —*1
/xz[Og 7a:| *=3 gx+a PRI
Vdac — b? 2
<x+£)log)(—2x+ ac=b tan™! extb , (b* — dac < 0)
2c ¢ 4ac — b?
or
(log X)dx = 2_4 2¢;
/ <x+£) logX—Zx-i-utanh"L_._b, (b — 4ac > 0)
2c¢ . Vb2 —dac
where
X =a+bx+cx?
B n+1 2¢ xn+2 b xn+1
xX"(logX)dx = logX — -
/Y(Og Jv = yloe n+1_/X n+1_/X

where X = a + bx + ¢x?

/ llog(x* + @)l dx = xlog(x’ +a*) — 2x

/ llog(x* — a*)] dx = xlog(x* — @) — 2x

x
+2qtan' =
a

X+

+ alog

X —d

f x[log(x* £ a)]dx = }(x* £ @) log(x? £ a*) — 1x?

[[log(x-i-vx2 + a?)]dx = xlog(x + vVx2 £ @) — Vx? £ &2

2

/x [log(x + vx2 £ a?)]dx = (;

&2
+— 1
4)

xm+1
/x’"[log(x +Vxt+a?)dx = mlog(x +vVxt+a?) -

og(x +vVx2 £ a? _xivx::l:az

1 xm+1

— | ——d
m+1J) /2 +a2 X
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INTEGRALS (Continued)

log(x + v/x% + a?) log(x++v/x2+a?) 1, a+V/x2+a®
S14. | ——————dx=— ——log
X X a X
Vv Vgv
515. /‘710g(x+ sz a )dx _loglxd V' = a7) . —a ) msec 2

1
516. /x” log(x> — ) dx = Pt |: 1 og(x? — a®) — " log(x — a)

" [n/2] 2l - 2r+1
71 1 2 -
— (@)™ log(x +a) = ZI1—2V’+1

See note integral 392.

EXPONENTIAL FORMS

517. /e’“dx =e*
518. /e"‘dx =—e "
519. / ey =S

a

520. /xe”x dx =55 (ax— 1)
a

x"e™  m 1 ax
I xm 1 ™ dx
a a

521. /x”ze“"dx = or

m =1

mlx
Z(—  Gn =i

=0

ax 2/2 3 '3
522. [e * =logx+ '+av +u+

x 2.2 3.3!
eax 1 ellX a elIX
23. | —dx=————+—— | —d
523 xmd’L }’I‘I71xm*]+}’I171/Xm*ldx
(L)Cl 3 1 ax
524. /e“"logxa’x:e Ong—/e dx
a al >
dx ’ ev
25. =x—log(l +¢*) =log——
525 [1—1—@‘ x —log(l +¢%) og1+ex
dx x 1
526. ==——1 be’*
/ a+berx a ap ogla+ )
dx 1 if mx fa
527. /ae”’-“ e = mmtan (e””\/%), (a>0,b>0)
1 ﬁelnr _ \/B
d Zm\/“ \/Ze"” ++b
528. [m = or
a
tanh <\/:e””>, (a>0,b>0)
m~/ab b
a,\’ +a—/\

529. /(a" —a V)dx =

loga

eax 1
,,ax
530. /mdx = alog(b + ce™)

o

531. dx =
( + ax)’ * a*(1 + ax)
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INTEGRALS (Continued)

532. / xe  dx = —%e’xz

e**[asin(bx) — b cos(bx)]
a + b?

533. / e [sin(bx)] dx =

e™[(b — ¢)sin(b — ¢)x + acos(b — ¢)x]
2a® + (b — )]
e[(b + ¢)sin(b + ¢)x + acos(b + ¢)x]
- 2@ + (b + )]

534. / e [sin(bx)][sin(cx)] dx =

elasin(b — ¢)x — (b — ¢)cos(b — ¢)x]
2 + (b — )]

e“lasin(b + ¢)x — (b + ¢) cos(b + ¢)x]
2 + (b + )]

or

538 / e sin(b0)lcos(cx)] dx = % [(asinbx — bcos bx)cos(cx — a)]

—c(sin bx) sin(cx — )]

where

p= \/(az + b2 — ) + da’c?,

pcosa =a*>+b> —c*, psina =2ac

e cosc  e™[acos(2bx +¢) +2b sin(2bx + ¢)]
2a 2(a* + 4b%)

536. / e [sin(bx)][sin(bx + ¢)] dx =

axr ' _ —e™sinc | e™[asin(2bx + ¢) — 2bcos(2bx + ¢)]
537. / e“*[sin(bx)][cos(bx + ¢)] dx = % + 3@ 1 a0

538. / e [cos(bx)] dx = ﬁ [acos(bx) + b sin(bx)]
e™[(b — ¢)sin(b — ¢)x + acos(b — ¢)x]
20a® + (b - ¢)]
e [(b + ¢)sin(b + ¢)x + acos(b + ¢)x]
2a® + (b + )]

539. / e“*[cos(bx)][cos(cx)] dx =

e**cosc n e“*lacos(2bx + ¢) + 2bsin(2bx + ¢)]
2a 2(a? + 4b%)

540. / e [cos(bx)][cos(bx + ¢)] dx =

e™sinc n e™asin(2bx + ¢) — 2b cos(2bx + ¢)]
2a 2(a* +4b%)

541. / e**[cos(bx)][sin(bx + ¢)] dx =

542. / e [sin" bx]dx = [(a sin bx — nb cos bx)e™ sin" ! bx

a? + n?h?

+ n(n — DHp? / e [sin" 2 bx] dx]

543. / e**[cos" bx]dx = |:(a cos bx 4 nb sin bx)e™ cos™ ! bx

a2 + n2h?

+ n(n— 1)p? / e [cos" 2 bx] dxi|
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INTEGRALS (Continued)

1
544. [\c’” v sin x dx = Ex”’e‘*(sin X — COS X)

m
_5/“("1 le¥sinxdx + 2/>c”’ le¥ cos x dx

asinbx — b cos bx
a* + b2

X"

a2+b2/ =16 (asin bx — b cos bx) dx

or
545. / X" e [sinbx] dx =

| m—r
§ ( _ +11) ey sl = (4 )
r=0 I (

where

o=+a*+b2, pcosa=a, psina=>~h

1 .
546. [x’”e‘ cosxdx = zx’”e"(smx + cos x)

—T/x’”"e‘ sinxdx—T/x’”"e* cos x dx

2 2
@Cos bx + bsinbx

xlnea‘( az +b2

m
@+ b?

547. /‘c"’e"‘ cosbx dx = or

/x’”’l e“*(acos bx + bsin bx) dx

V=1
§ (=1l s costbx = 7+ 1l
r

1+l(m

p=+/a>+ b2, pcosa=a, psina=>h
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INTEGRALS (Continued)

e cos” ! x sin” x[acos x + (m + n) sin x]
(m+n)* +a?

na
- (m+n)* + a2
(m—1)(m+n)
(m+n) +a

or

/ e (cos" ! x)(sin"~! x) dx

e (cos™ 2 x)(sin" x) dx

€% cos™ x [sin" ! x[asin x — (m + n) cos x]
(m+n)* +a

ma

e
(m+n)” + a2
(n—1)(m+n)
(m+n)+a

/ e (cos™ ! x)(sin"~! x) dx

e (cos™ x)(sin" 2 x) dx

548. / e (cos™ x)(sin" x) dx = or
e™(cos™ ! x)(sin"~" x)(asin x cos x + msin® x — ncos? x)
(m+n)*+a?
—1 . .
% e (cos™ 2 x)(sin" x) dx
m-+n a
—1 . .
% / ™ (cos” x)(sin" 2 x) dx
m-+n a
or

2

e (cos” ! x)(sin"~! x)(a cos x sin x + m sin x — ncos? x)

(m + n)* + &

m(m — 1)
(m+n)+a

% / ™ (cos™ x)(sin" " x) dx

€ (cos" 2 x)(sin" 2 x) dx

549, / xe®(sin bx) dx = % (asinbx — bcos bx) — (aziib)z [(&® — b?)sin bx — 2ab cos bx]
550. f xe®(cos bx) dx = %(a coshx — bsinbx) — (0217'}72)2[@2 — b?)cos bx — 2absin bx]
ax ax : _ 2 _ 92 ax
551, /‘ .e” x:_e [asinx + (n .2)5?3)(] a +(n-—2) .e_z dc
sin” x n—Dm—-2)sin"'x  (m—1Dn-=2)) sin"*x
552 / e _e“"[acosx—(n—2)sinx] @+ (n—2) e )
" Jceostx T (m=Dm—=2cos'x  (n—1)(n-2)J cos"2x

tan""! x
n—1 n—1

553. f e tan” x dx = e / e™ tan"' x dx — / ™ tan" 2 x dx

HYPERBOLIC FORMS
554. / (sinh x) dx = cosh x

55S. f (cosh x) dx = sinh x
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INTEGRALS (Continued)

556. /(tanh x)dx = logcosh x

557. /(coth x) dx = logsinh x

558. f(sech x) dx = tan~!(sinh x)

559. / (csch x) dx = logtanh (;)

560. /x(sinhx) dx = xcosh x — sinh x

561. /x”(sinh x)dx = x"coshx —n /x”’] (cosh x) dx
562. /x(cosh X)dx = xsinh x — cosh x

563. /x”(cosh X)dx = x"sinhx —n /x”_l(sinh x) dx
564. / (sech x)(tanh x) dx = —sech x

565. / (csch x)(coth x) dx = —csch x

inh 2 X
566. / (sinh? x) dx = 22 - ad —%
s (sinh™*! x)(cosh" ! x)
pnzt / (sinh™ x)(cosh" 2 x) d
m+n x v
567. / (sinh™ x)(cosh” x) dx = or
sinh” ™! xcosh™! x
m+n
m—1 . 1m=2 n
— (sinh”™~ x)(cosh” x)dx, (m+n #0)
m+n
_ 1
(m — n)(sinh™ ! x)(cosh" ! x)
m+n— 2/ x
— , m#1
m—1 (sinh™~2 x)(cosh” x) (m # 1)
568 / L or
*J (sinh” x)(cosh” x) |
(n = Dsinh™ ! xcosh"! x
m+n—2 dx
/ W} n—2 2 (n # 1)
n—1 (sinh™ x)(cosh”~ x)

569. f (tanh® x) dx = x — tanh x

tanh™™"!
n—1

570. /(tanh” X)dx = — Ty /(tanh”’2 xX)dx, (n#1)

571. / (sech®x) dx = tanh x

sinh2x x

4+2

572. / (cosh? x) dx =
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573.

574.

575.

576.

5717.

578.

579.

580.

581

582.

583.

584.

585.

586.

587.

588.

589.

590.

591.

592.

593.

594.

/

/
/
/
/
/
/
/>

-
/

/>
/

/
/

/>
/
/>

[
/

/
/
/

INTEGRALS (Continued)

(coth? x)dx = x — coth x

coth” ! x

(coth” x)dx = — 3

(csch’x) dx = —ctnh x

sinh(m +n)x  sinh(m — n)x

+ /.coth”dxdx, n#1)

. e . _ 2 2
(sinh mx)(sinh nx) dx = 2T ) = (m~ #n”)
sinh(m + n)x  sinh(m — n)x ) 5
h 7. h X =
(cosh mx)(cosh nx) dx 2T ) = (m~ # n’)
. cosh(m +n)x  cosh(m — n)x 5 5
h m; hnx) dx =
(sinh mx)(cosh nx) dx 2ot m—m) (m~ #n°)
(smh 1a>dvc_‘csmh la V2 +a?, (a>0)
2 0
(smh I )dvc_ <%+%> sinh’l%;—%\/x2 + a2, (a > 0)
) o xn+l n+1
X" (sinh x)dx:<n+1)51nh X_n+1 mdx, (n#-1)
xcosh™ X x2 — a2, (cosh_1 2 > 0)
(cosh*l E) dx = or
a

xcosh™! §+ X2 — a2, (cosh’] Ez < 0), (a > 0)
a

22 _ 2
(coshI )d = 2 ) a cosh’lffg(xzfaz)%
a

n+1 ”Jr]
X'(cosh™ x)dx = Y cosh™!x— / 73 -
n+1 n+1J x2-1nY

(n#-1)

(tanh I >dv— xtanh™! 7+ log(a —x%), ()5) < 1)

(coth la)d\c—xcoth 174— log(\ —d%), (E‘ > 1)

(n#—1)

22
1 o S (1
(tanh a)dvc_ 3 tanh + 5 ()a’ < 1)
B xn+l B 1 xn+]
X'(tanh ‘x)arx:n+1 tanh ]xfm 17X2dx,
&
17 1_ @ X
<coth )dvc coth™ —+ 7 (g > 1)
n+1 | 1 xn+1
"(coth™ h™ x+—— [ 5>—d> -1
x’cot x 1cot ‘c+n+1/x2_1d‘c, (n#-1)

(sech™'x)dx = xsech™'x +sin~! x

2
o 1
xsech™'xdx = %sech_lx - z«/ 1 —x2

Xl
b - 1
n+1sec x+ /(1 2)1/7

csch™!xdx = xcsch™!x + — smh

X'sech™ x dx =

A-57
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59s.

596.

597.

598.

599.

600.

601.

602.

603.

604.

605.

606.

607.

608.

609,

610.

611.

612.

613.

614.

INTEGRALS (Continued)

b
> 1A
/xcsch’]xu’x = %csch’lx—kfix/ 1+ x?

2 |x|

R 1 xn+l o 1 X X"
x'csch™ xdx = csch™ x + — | ———dx, (n#-1)
n+1 n+1lxl) (x2+1)

DEFINITE INTEGRALS

1\"
S Loy e <1+n7)
'/n—l = 5 :f log— dx == N M/

‘/0 X e X A ng X l’ll_[

m=1 1 + 1
m
=T'(n), n#0, -1, -2, -3, ... (Gamma Function)

0 n!
rpldt=————-, (n=0,1,2,3,...andp > 0)
fo (log p)™*!

00
r
/0 e @iy = @ _,’(_nl))n, (n>0,a>-1)

! 1" I(n+1
/ x’”(10g7> dx:L)l, (m>—1, n>—1)
0 X (m+ 1"

I'(n) is finite if n > 0, T'(n+ 1) = nl'(n)

C(n)-T(l —n) =

sin nm

I(n) = (n— 1)!if n = integer > 0
rg) = 2/ e dt = /m = 1.7724538509 - - - = (=
0

3-5..2n—1
LIEREEC by S

F(n+%)=l. 3
B (_l)nznﬁ
Pt ) =135 an D)

L _ oyl T(m)'(n)
11 _ 1 _ — —
/0 X1 =x) dx_/o (Hx)mdx_r( +n)_B(m, 1)

(Beta function)

n=123,...

_ T(mI(n)

B(m, n) = B(n, m) = F(T'i‘")’

where m and n are any positive real numbers.

winst TOn 4 1) - T(n + 1)

Tmtntd m>—-1,n>-1, b>a)

b
X / (x—a)"(b—x)"dx = (b—a)
[ﬂ:—l , [m>1]
X" o m—1
© dx
'/0 mfncscpn, [p<1]

© dx
A m:—ncotpn, [p<1]

/"”x’"ldx_ b
o (1+x)  sinpn
=B(p,1 —p)=T(pI'd - p), 0<p<I]

o0 m—1
/ X dx - " [0 <m<n]
0

n . mm>
I+x nsin—
n
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DEFINITE INTEGRALS (Continued)

a+1 a+1
/-m Yadx _ m(a+lfbc)/b F<T>F(Li b >
0

(m+xb)° b I'(c)

615.

9]

(a>—1,b>0,m>0,c>%)

o0 dx
616. —_ =
/0 IESSNA

* adx n . . T .
617. /0 21272 if a>0;0, 1fa_0,—§,1fa<0

-3.5...n

1 1.3 n
24-6...(n+t1) 2

618. / (@ =x)"Pdx== | (& —x*"dx=
0 a

5/ d"' (nodd)

1 mAn+1 m+1 n+2
- B(——
21 2 "2

or

a
619. / X"(@® = X2 dx = m+1\_(n+2
o ("))
lamﬁ—n#—l 2 2

m+n+3
f("5)

/2
/ (cos” x) dx
0

or

1.3.5-7...n—Dn

2.4.6-8...(n) 2’
/2 or

620./0 (sin" x) dx = 2.4.6-8...(n—1)

1-3.5-7...(n) °

(n an even integer, n # 0)

(n an odd integer, n # 1)

n>-1)

o -
621. / M:E, if m>0; 0, if m=0; —E,ifm<0
0 X 2 2

622 / cosxdx: ~
0 X

00 ¢,
623. / tdnxdng
0 X 2

624. / sinax - sinbx dx = f cosax -coshxdx =0, (a # b; a, bintegers)
0 0

T/a U
625. / [sin(ax)][cos(ax)] dx = / [sin(ax)][cos(ax)]dx =0
0 0

U
2
626. / [sin(ax)][cos(bx)] dx = Lﬂiabz’ if a—bis odd,or 0if a — b is even
o —
o -
627. / w:o, ifm<—-lorms>1; g,ifm::tl;g,ifm2<l
o x
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628.

629.

630.

631.

632.

633.

634.

635.

636.

637.

638.

639.

640.

641.

642.

643.

644.

645.

646.

647.

648.

649.

DEFINITE INTEGRALS (Continued)

Ta

sin ax sin bx
—_— dx = —,
X 2

r

(a<b)

U U T
/ sin’ mx dx = f cos® mxdx ==
0 0 2

00 i1a2
/ sin (sz) Ay — np
0 X 2
“sinx m
xr 7 2@(p)sin(pmn/2)’
“cosx m
XP " 2I(p)cos(pm/2)’
00
1 - >
cgs pxX TP
X

°° sin px cos gx

J
J
J
J
[z
J
J
I
J

T _
- 5 e |mal
X‘+a

= 2al

cos(x?) dx = / sin(x?) dx =
0

0<p<l1

0<p<l1

dx={0,q>p>0; g,p>q>0; %,p=q>0}

s
2

2
. N — 1 1 . T |
sin ax’ x_m (/n)smﬂ, n>
cosax"dx = Py F(l/n)cos P n>1
°° sin x cos X b
dx = de— [T
Vo f NE 2
00 (i1a3 o 00 31y
(a)/ MY =T (b)/ S Y 3 og3
0 4 0 4
00 i3
/ sm3de:3j
0 X 8
% sin* x T
dx ==
/(; @ =3
T2y cos~'a
= , (a<1)
o l4acosx J/1-—42
U
/ BN (a=bhz0)
o a+bcosx @2 — b2
27
dx 2n 5
= 1
/0 l4+acosx J1—a2 @<
/' cosax—cosb\cd logé
/ _n
@ sin® x + b2 cos? x >c—i—b2cos2 " 2ab
n(az+h2)
, (a,b>0
/ (a? sin x+b2 cos? x)2 4a3D3 ( )
1_m m e
/ ! x cos™ \dx_§B<§,§), m and n positive integers
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650.

651.

652.

653.

654.

655.

656.

657.

658.

659.

660.

661.

662.

663.

664.

DEFINITE INTEGRALS (Continued)

/2 2.4.6...(2
/ (sin”*! 6)db = - (2n) (n=123,.)
0

3.5...@n+ly

/2 1-3-5...2n=1)/m
. 2n _ d —
/0 (sin 0)(10_—2.4.”(2”) <2), n=1,23,..)

Y2 x 11 1 1
SN SIS S
/0 sinx {12 EER A T }

/2 dx n
/0 1+ tan” x 7

/2
Vcoshdo = (2111) 5
0 NG|
/2
/ (tan" 0) d6 = O<h<1)
0

T
hr\’

2 -
cos<2>

00 -1 _ —1
f tan™' (ax) — tan™" (bx) dy — Elogg, (@.b > 0)
0

X 2 °°h

The area enclosed by a curve defined through the equation Xt + y? = 4t where
a > 0, ¢ a positive odd integer and b a positive even integer is given by

()

1= //f x=1ym=121=1 gy where R denotes the region of space bounded by the
R

. . X\ 7 N Kk .
co-ordinate planes and that portion of the surface <I> +<%) +<—) =1, which
a c
lies in the first octant and where &, m, n, p, q, k, a, b, ¢, denote positive real

numbers is given by

h m n
a pli-Grar'Ve B O K r\—)r({—|r(-
e ) a”b”’c" q k
/ X" dx/ ymdy/ 2" dz = i e
q
0 0 0 rq F(; L 1)
q k

o0 1
/ e ®dx=-, (a>0)
0 a

0 ,—ax __ ,—bx b
/ €T x=log>, (a,b>0)
0 a

X
T+ 1)
- prISE (n>—1, a>0)
/ xX"e ™ dx = { or
’ n! .
g (a > 0, n positive integer)
00
/X”eXP(—aX")dx:ll?, (n>—1,p>0,a>o,k:”+1>
0 pa p
o 1 1 1
*UZ.\’Z
dx = — =—TI|= 0
[ e i= () @0

o0 2
/ xe ¥ dx = %
0
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665.

666.

667.

668.

669.

670.

671.

672.

673.

674.

675.

676.

677.

678.

679.

680.

681.

682.

683.

684.

685.

686.

DEFINITE INTEGRALS (Continued)

_1.3.5...2n—=1) [rn
2/1+1an E

J
[
/ e L (a>0)
[

2n —ar dx =

2an+1’
m o _p
mp=ax _ m! —a a
dx l—e —
am+l 7!
P

00 —2a
/ ) g = zﬁ, (a=0)
0

/ _"‘J_dx—— i

n
00 *)l‘(
/ —dx= |-

a
/0 e~ (cosmx) dx = Zim (a > 0)

/ e~ (sinmx) dx = # R (a>0)
o a

+m
i —AaX[ a1 2ab
/0 xe”“[sin(bx)] dx = m, (a>0)
00 o aZ _ b2
/0 xe “[cos(bx)] dx = m R (a > 0)

n![(a + l-b))z+l (a lb)n+1
2i(a® + b2+

/ ~ x"e”[sin(bx)] dx =

_nlf(a— byt + (a + ib)"]

x"e”[cos(bx)] dx 2Aa + b2y

e sinx X
=cot ' a, (a > 0)

2 JT b

—teosé b=l 1sin( sin ¢)] dr — [[(b)] sin(bg), (b >0,

=

2

o<

e eos(rsin )l di — [M(B)]cosbg). (6> 0. =5 < ¢ <)

I
I
[ "”‘cosbxdv_zexp< ) @0
I
I
I

~!cos t dt = [T'(b)] cos <h7n>’ O<b<1)
/ ~ = Y(sin 1) dt = [T(D)] sin(%”), O<b<l)
0

1
/ (log x)'dx = (=1)" - n!
0
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687.

688.

689.

690.

691.

692.

693.

694.

695

696

697.

698.

699.

700.

=

701

702.

703.

704.

705.

706.

707.

0

DEFINITE INTEGRALS (Continued)

1
/ x"(log x)" dx =
0

1 1 n
/ <log7> dx =n!
0 X

1
/ xlog(l — x) dx = —%
0

1
/ xlog(l +x) dx =1}

(=1"n!
(Wl + l)n+l ’

m>—-1,n=0,1,2,...

If n#£0,1,2,...replace n! by I'(n + 1).

/llogx
o 1 —x

1
flogx dy —
o 1+x

dx =

1 -
/' log(1 + ’\)dx _
0

X

X

,‘.[2

12

2
12

1 —
/ log(1 x)dx:—n—
0

2
6

1 2
. / (logx)[log(l + x)]dx =2 —2log2 — %
0

1 2
. / (logx)[log(l — x)]dx =2 ——
0 6

1
1

lo
el

J
At

/1 log x
o 1—x2

+Xx
—X

[l

/1 X —xN)dx
" Jo log x
U dx

log (l>
x
1) dx =

o

er —1

dx =

“| &

]” o Fn+1)
: _(m+1)n+l’

ifm+1>0,n+1>0

]
_1og<’i>, (p+1>0, g+1>0)

q+1

1'[2
4

= /m, (same as integral 686)

/2 /2 I
/ (logsin x) dx :/ logcos xdx = —510g2
0 0
/2 /2 T
/ (logsec x)dx = / logcscxdx = ElogZ
0 0
T nZ
/ x(logsinx) dx = —710g2
0

/2
/ (sin x)(logsin x) dx = log2 — 1
0
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DEFINITE INTEGRALS (Continued)
/2
708. / (logtanx)dx =0
0

a+a>—b?

709. / log(a + bcosx)dx = nlog(z), (a > b)
0

2rnloga, a>b>0

T > L2 —
710. /Olog(a 2le"?(’sv‘“Ll’)fb‘_{271;1ogb, b>a>0

°° sinax n an
711. dx = —tanh —
/0 sinhbx T 25 M

*° cosax b1 arn
12. = —sech—
7 /0 cosh bx dx 26> 2

00
713. / dx__ T
o coshax 2a

© xdx n?
714. =—
/0 sinhax 442

715. / e “(coshbx)dx =
0

1
Z_n O=1bl<a)

O =<1pl <a)

716. /0 e ““(sinh bx) dx = 2o

°° sinh ax n art 1
717. dx = —cse o — —
/0 1T T2

718. dx = — — —cot

e — 1 2¢ 26 b

/2 d 1\? 1-3\? 1-3.5\?
719./ . S 1+(7> k2+<—> k4+< )k"+-~-, if k2 <1
o VI fsnix 2 2 2.4 2.4.6

/2 2 a\2 4 2.&\216
720. / vl—kzsinzxdx:ﬁ[l—<%) kz—(l 3) k——(l 3 5>k——---i|, if k2 <1
0

/ °° sinh ax 1 m amn
0

2 2.4) 3 \2.4.6) 5
o0
721. / e Vlogxdx = —y =-0.5772157...
0
o0
722. / e logxdx = —?(y + 2log?2)
0

e 1 1 .
723. / (17 — 7> e rdx=y=0.5772157... [Euler’s Constant]
0

— e X

1 1
724. / —( — e"‘)dx =y =0.5772157...
o x\1+x

For n even:

1 "& mysinm—2k)x 1/ n
725, "y = mysintn = 20x 1o
/COS YT L () 2 T (n/2>x
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DEFINITE INTEGRALS (Continued)

726, /sin"xdx:21 "il<”)m[(n_2k)(r2t_x)]+l< " )Y

n—1 k

2 2k —n 2"\ n/2
For n odd:
(n—1)/2 H
) ~ n\ sin(n — 2k)x
727. /cos xdxfzﬁ g (k) n—2k

728. /sin"xdx :L("i):/z <n ) M

—1
? k=0 k 2k —n
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